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Abstract

A hybrid-mixed four-node quadrilateral element for the three-dimensional stress analysis of laminated functionally
graded plates through the use of the method of sampling surfaces is developed. The sampling surfaces formulation is based on
choosing inside the n™ layer 7, not equally spaced sampling surfaces parallel to the middle surface, in order to introduce the
displacements of these surfaces as basic plate variables. The sampling surfaces are located inside each layer at Chebyshev
polynomial nodes that allows one to uniformly minimize the error due to the Lagrange interpolation. To avoid shear locking
and have no spurious zero energy modes, the assumed natural strain concept is employed. The developed assumed natural
strain four-node quadrilateral plate element passes the bending patch tests for laminated and functionally graded plates and
exhibits a superior performance in the case of coarse distorted mesh configurations. It can be useful for the three-dimensional
stress analysis of thick and thin laminated functionally graded plates because the sampling surfaces formulation gives the
possibility to obtain the numerical solutions with a prescribed accuracy, which asymptotically approach the three-dimensional

exact solutions of elasticity as the number of sampling surfaces tends to infinity.
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Introduction

The functionally graded (FG) materials are a new
class of advanced materials in which the material
properties vary continuously from point to point. This
property is achieved by varying the volume fraction
of constituents. The FG materials are usually made
by mixing the metal and ceramic phases. The ceramic
with the low thermal conductivity serves as a thermal
barrier and is placed at high temperature locations,
whereas the metal is placed at regions where the
mechanical properties such as toughness need to be
high. The concept of the FG material was proposed
by Japanese material scientists in the 1980s. However,
most of the publications in the open literature appeared
in the last fifteen years. The progress in the analytical

and numerical modelling and analysis of FG materials
and structures is reviewed in [1-3].

At present, the finite element method is widely
used in bending, buckling and vibration analyses of FG
plates and shells because of its advantages compared
with other numerical techniques. The finite element
formulations for the FG plates were developed in [4—7]
through the first-order shear deformation theory [4]
also known as a Reissner-Mindlin plate theory [5].
The major problem in constructing the low-order
triangular and quadrilateral plate elements is how to
eliminate shear locking for thin plates. The nodal
integrated triangular and quadrilateral finite element
formulation is presented in [6]. The proposed plate
elements are free of locking and show little sensitivity
to geometric distortions. The isogeometric finite
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element formulation based on non-uniform rational
B-splines (NURBS) was considered in [7]. It was
established that shear locking can be overcome
employing the NURBS functions of high order.

The finite element model for FG plates using the
higher-order shear deformation theory was proposed
by Reddy [8]. More general finite element
formulations accounting for the transverse normal
deformation for bending, buckling and free vibration
analyses of FG plates are presented in [9, 10].
The nine-node rectangular plate element with 13
degrees of freedom (DOFs) per node has been
developed in [9]. The NURBS-based finite element
method for FG homogeneous and sandwich plates has
been proposed in [10]. The feature of this approach
is that only four displacement DOFs are utilized. The
C'-continuity requirement, however, can be carried out
with the help of NURBS functions and no shear
locking occurs.

Note that all finite elements considered do not
describe well the through-thickness distribution of
transverse stresses except for [11], where the efficient
nine-node rectangular FG shell element with 15 DOFs
per node has been developed via Carrera's fourth-order
shell formulation [12, 13]. The shear and membrane
locking phenomena are prevented through the assumed
natural strain (ANS) method. However, the authors
report that the transverse normal stress is calculated
with a large error in the case of thin plates because
of the small value of this stress compared to in-plane
stresses.

The present paper is intended to overcome the
above mentioned difficulties and develop the finite
element that makes it possible to evaluate all stress
components effectively for the thick and very thin
FG plates. To solve such a problem, the four-node
quadrilateral plate element using the sampling surfaces
(SaS) technique [14, 15] is proposed. The SaS
formulation is based on choosing inside the n™ layer
the arbitrary number of surfaces Q' 2

parallel to the middle surface in order to introduce the
displacement vectors u™', u"™?.... u™" of these
surfaces as basic plate variables, where [, is the
number of SaS of the n™ layer (, > 3). Such a choice
of unknowns with the use of Lagrange polynomials
of degree [,—1 in the assumed approximations
of displacements, strains and material properties
through the layer thicknesses leads to a very compact
form of governing equations of the SaS laminated FG
plate formulation. Recently, the SaS formulation has
been utilized by Kulikov and Plotnikova to evaluate
analytically the three-dimensional (3D) stress state
in FG plates and shells [16—19].
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In a proposed hybrid-mixed four-node finite
element formulation, all SaS are located at Chebyshev
polynomial nodes throughout the layers that make
it possible to use the Lagrange polynomials of high
degree [20]. To avoid shear locking and have no
spurious zero energy modes in the case of distorted
meshes, the assumed interpolations of displacement-
independent strains and stress resultants in conjunction
with the ANS interpolation of displacement-dependent
transverse shear strains are utilized. To solve this
problem, the Hu-Washizu multivariable variational
principle is invoked. The developed isoparametric
hybrid stress-strain finite element for the 3D stress
analysis of laminated FG plates has computational
advantages compared to the hybrid strain and hybrid
stress finite elements. This is due to the fact that here
no expensive numerical inversion of elemental
matrices is needed; all matrix inversions can be done
analytically. On the contrary, in conventional hybrid-
mixed finite element formulations [21, 22] the
inversion of the flexibility matrix is required. In fact,
it is the most costly operation because the number
of stress or strain parameters (modes) to be introduced
to analyze effectively the laminated FG plates can be
sufficiently large [23]. Note also that the proposed
hybrid-mixed finite element model for the 3D stress
analysis of laminated FG plates generalizes the
authors' displacement-based finite element models
[24, 25] and the hybrid-mixed quadrilateral four-node
element models developed for single-layer and
multilayered plates [26, 27] as well.

Three-Dimensional Description of Laminated Plate

Consider a laminated plate of the thickness #
composed of N inhomogeneous layers. Let the middle
surface (2 be described by Cartesian coordinates x;
and x,, whereas the coordinate x; is oriented in the
thickness direction. The transverse coordinates of SaS

of the n™ layer xg”)’ﬁ are defined as

)an)l — xgn—l]; x:gn)ln :xgn]’ 1)
omy _ Lty g 1 2m, =3
X =—(x +x5)——=h, cos| t—2——|, (2
3 55 3 )75 20, ~2) 2)
where xgn_” and xé"] are the transverse coordinates of

layer interfaces Q" ' and Q"' depicted in Fig. 1;

h, = x3”] —xg"_” is the thickness of the n™ layer; I, is
the number of SaS corresponding to the n™ layer; the
layer index »n runs from 1 to A; the index m, identifies
the belonging of any quantity to the inner SaS of the
n™® layer and runs from 2 to I, — 1; the indices iy, j,, &,
are introduced for describing all SaS of the n™ layer
and run from 1 to /,; the Latin indices i, j, k, / range

from 1 to 3; the Greek indices a, § range from 1 to 2.
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Fig. 1. Geometry of the laminated plate

It is important that the transverse coordinates
of inner SaS (2) coincide with the coordinates
of Chebyshev polynomial nodes [20]. This fact has
a great meaning for the convergence characteristics
of the SaS method [16— 19]

The strains of the n™ layer 8(
28(”) = (") +u§”l), (3)

where u,-(") are the dlsplacements of the n™ layer.

Let us introduce the first two assumptions
of the SaS laminated plate formulation. Assume that
the displacements and strains are distributed through
the thickness of the n™ layer as follows:

U™ = 3 L i i 0 Wiy g

™ can be written as

6 =3 [ingins g _ () (s)
l-n
where 4" (x,,x,) are the displacements of SaS of

the n™ layer Q™ ; (”)l” (x;,x,) are the strains of the

same SaS; L™ (x3) are the Lagrange polynomials

of degree [, — 1 defined as
(”)/n
(”)in _ x3 _x3
L = | | ORI (6)

n#in X3 _xgn)]n
The use of (3)—(6) leads to relations between the
SaS displacements and SaS strains:
(n)t (i 43y Wi
25" =u, ap’ TUpa

28813)1.” — B(an)’n + ugf’éin ; Sg’é)iiz — Bgn)in , (7)

where B (x,,x,) are the values of the derivatives
of displacements with respect to the thickness
coordinate at SaS given by
Bl(”)in =15 (xgn)i” )= ZM(ﬂ)jn (xgn)[” )ui(”)jn , (8
Jn

where M " = L(gl )n are the derivatives of Lagrange

polynomials, which are calculated at SaS as

MO ()= ﬁ M
X ki gy X3 X3
for j, #i,,
A i ( ()i ) S M (xgnﬁn ) )

j}'l ¢in
It is seen from (8) that the key functions Bl(-")i”

of the SaS laminated plate formulation are represented
as a Iinear combination of displacements of SaS

of the n"" layer u"™/ .

Hu-Washizu Mixed Variational Formulation
for Laminated FG Plate

To develop the assumed stress-strain finite
element formulation, we have to invoke the Hu-
Washizu multi-field variational principle in which
displacements, strains and stresses are utilized
as independent variables [28]. It can be written as
follows:

8/pw =0, (10)
)
Jaw = J.J.Z I [—e(")c,ﬁ’/i; 1(;)

Qn x [n-1]

—ol (el &) }dxldxzdx3 -w, (11
Wzﬂ(p;qu pfu;)dxldxz +Ws,

Q
where G(/n) are the stresses of the n™ layer; Cz]kl are
the elastic constants of the n™ layer; el-(j") are the

displacement-independent strains of the »n™ layer;
. =u,~(1)l and u; =ul~(N)[N are the displacements

of bottom and top surfaces; p;

u

and p are the

tractions acting on the bottom and top surfaces; Wy
is the work done by external loads applied to the edge
surface . Here and in the following developments, the
summation on repeated indices is implied.

Following the SaS technique, we introduce
the third assumption of the proposed hybrid-stress
finite element formulation. Let the displacement-
independent strains be distributed through the
thickness similar to displacement and displacement-
dependent strain distributions (4) and (5), that is,

elgn) _ ZL(n)lne(n)l : el(jn)l (n)( (n)iy ), (12)

in

where e (xl,xz) are the displacement-independent

strains of SaS$ of the n™ layer.
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Next, we introduce the last assumption of the SaS
laminated FG plate formulation. Let the material
constants of the n™ layer be distributed through the
plate thickness as:

Cltg = XL s G =Gl (13)
in

where Ci(/Zl)i" (x;,x,) are the values of material

constants of the n™ layer on SaS.

Substituting the through-thickness distributions
(5), (12) and (13) into the Hu-Washizu variational
principle (10) and (11), and introducing stress
resultants

)
H{n = jcf.;”L(")"ndx3, (14)

[n-1]
x3n

the following variational equation is obtained:

J' J‘ Zzlg(e(n)in )T {H(n)in _ ZZ AP dnkn (1) o (W) ] +

Qn iy

Jn kn
4 S(H(n)z’n )T (e(n»n _ iy )_ 5(8<n>l’n )T Hin }dxldxz +
+ ”(pf du; — p; du; )dx1dxz +8W5 =0,

Q

(15)

where
iy _ iy iy (Wi A (Wi A (i A ()i [T
e —[811 €y " €33 " 28 " 2813 " 28p, ] ;
oM z[el(;mn i gin 2gMin 9 2e§§>zn] :
T

B = [ i ]
_C(n)/n C(n)]n C(”)/n C(n)/n

the displacement vector are approximated according to
the standard °C interpolation:

x* =3 N (17)

r
W =3 N (18)
No= (g Nieme) a9

where N, (E_,I,E_,z) are the bilinear shape functions of
the finite element with n;; =n, =ny; =n,, =1 and

Ny =Ny =Np3 = Hpy = -1 ) xa are the nodal

p
coordinates; ul(," Vin are the displacements of SaS

at element nodes; the index r denotes the number
of nodes and ranges from 1 to 4. The surface traction
vector is also assumed to vary bilinearly throughout
the element. The local numbering of the corner nodes
and middle side nodes is shown in Fig. 2.

To overcome shear locking and have no spurious
zero energy modes, the robust ANS interpolation
[29, 30] of the transverse shear strains of SaS with four
sampling points can be employed:

e = hER" (20)
e = (-2 B+ [+ 2 (D) @
NC | A(n)i 1 A(n)i
B =02 e (a)+ S+ (€)@

where égg) " are the covariant components of the strain

tensor of SaS in the contravariant basis a® =€%kB,
a’ =k;, which are defined by the orthogonality
condition a;a’ =3/ (see Fig. 2).

Cl(bl); Cl(}f)i C‘df)i Cl(bl)i g 8 The transverse shear strains ég’gi" at sampling
%i%l %222, 2233 2212 points A, B, C and D are evaluated according to (7),
X C Jn Cn)jn C(”)]n C(”)Jn 0 0
cin =| SBIT P Bt . (8)and (18) as:
n)j, n)j, n)jn, n)j,
Chn" Ciy" Gy Cops 0 ' 0 ‘
o 0 0 0 Cy G
(1) jn (1) jn
L 0 0 0 0 Coy' O
. A . x* 2
A(n)’n.]nkn — IL(”)’H L(n).ln L(”)kn dX3. (16) &2 P,, é
xgn—l] -] D
FEENE S | A 3 P
Hybrid-Mixed ANS Finite Element ’::> a
Formulation -1 I g K Py C
: : 2 x B E!
In the isoparametric four-node -1 P,
plate element formulation (from this
point, Cartesian coordinates are denoted l:'.] Xl
1 .2 .3 ..
by x°,x7,x"), the position vector and Fig. 2. Quadrilateral plate element
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28in (B) = %(ugzﬁn i )+

%2 AP (Z(n)in Xxg _xd )(u((:})jn D );
Jn

2540 (0)= S g )

+iZM(n)jn (Z(n)in Xxla —x$ )(u((:i)jn + u((xf;)jn ),;
n

2600 () = )~y )+

LSO 0 [l
Jn

1

2 (€)= (il

J&Z 2y (Z(nnn Xxla _x¢ )(uéﬁ)jn i ) 23)
Jn

—ufyn )+

where z stands for the transverse coordinates
of Sa$ of the n™ layer Q) .

Substituting (18) in strain-displacement equations
(7) and (8), and using the ANS interpolation (21)—(23)
and presentation for the derivatives of shape functions

oN, ON,
ot |_ 1| o€
oN, =J oN, | (24)
ox? oe?
one obtains
g =By, (25)

where J~! is the inverse Jacobian matrix;
B (&1 N ) are the strain-displacement
transformation  matrices of order 6Xx12 Nggs;

Ng,s =ZI,, — N +1 is the total number of SaS; U

n
is the element displacement vector given by:

v=[ui vl ol ull',

0, =[G ) a5 ) 22"

...(u(r]\u)lf*’*1 - )T (u[erl])T (u(,N)z)T ...(u(N)IN 71)T (u[,N])TT,

T
u[rm] = [u[m] u[z’f] ug’f]] (m=0,1,...,N),

1r

uln =[u1(f)m” ug)m” ugf)m” ]T (m,=2,....1,-1).

(26)

To improve the computational efficiency of the
ANS four-node quadrilateral plate element, a hybrid-
mixed method may be employed. In order to fulfill
a patch test [31], the assumed stress resultants are
interpolated throughout the element in the following
form [26, 27]:

HO — @™, @i =[q)§n>z’n Ui pin ]T,
(27)
PG:[I6 ch]a
HEE? dide o o0 0o 0 ]
P BIE 0 0 00 0
P - 0 0 ELET 0 0 (28)
Ai2Er Higl o0 0 0 |
0 0 0 0 #& ne
L 0 0 0 0 78 K]

where I is the unit matrix of order 6x6; t_o[f‘ are the

elements of the Jacobian matrix J evaluated at the

element center; &% are the transformed coordinates

defined as:
za 1 o o o o za 1 o o o o
tl :Z X =Xy —X3 +X4 ) t2 :Z X1 +x2 —X3 —Xy N

11
B T e I
el 11

L1
Ay = j IAdE;ldE;Z; A=cy+cE +6,8%;

-1-1

o = gllt =t )s3 )= = Jo? -3
o= gllt - d)od -2 (- o

¢y = % [(xll —x} )(x% —x} )— (xé —x) )(xl2 —x; )] (29)

The purpose of introducing E&* lies in the

—o
|
=
N ro
—

simplicity of some elemental matrices of the hybrid-
mixed method [32, 33] since

HE“Ada‘daz =0. (30)

-1-1
The displacement-independent  strains  are
interpolated throughout the element as suggested
in [26, 27]:
ein — ppin i [\Pl(n)in P '_.\H(zn)in]
(€2Y)

T
B
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Pe :[16 Fe]’
fueEr E 0 o0 0 0|
CYOE? 3E 0 00 0 0
5| 0 0 e Er o0 0 [(32)
N N i ) —Z2752%1
201058% 20703 0 0 0 0
0 0 0 0 g 7E
o 0 0 0 7hE BE

that corresponds to the interpolation of stress resultants
(27), where Zﬁ are the elements of the inverse
Jacobian matrix evaluated at the element center:

=tz n--Li n--La B-Lil @3
o Co o o
Substituting interpolations (18), (25), (27) and

(31) in the Hu-Washizu variational equation (15),

we arrive at the element equilibrium equations:

QT(I)(”)in - ZZA(”)injnkn D(”)jn \Il(”)kn , (34)

Jn K

Q\P(n)l'n — R U, (35)
>R <F, (36)
noi,

where F is the element—wise surface traction vector;
Q, D"/n and R are the elemental matrices
given by:

11
Q= [ [PoP.AdEdE?, (37)
-1-1
. 1 1 .
pD™Jn — IIPJC(n)'In PeAdéldEﬁ,
o (38)
R = j j PIB"n A delde?.
-1-1
The wuse of coordinates &

in interpolations (27) and (31) is of great importance
because the basic matrix of the hybrid stress-strain
formulation Q becomes quasidiagonal:

transformed

. O O
Q - Ael dlag(lé, 0)22, (Dll, |: :|, 0)22, (,l)llj, (39)
O O
where
Ael = 460;
11
1 Zazp lwa 1 CaCp 40)
() =— Ad d = 8 - .
=4 _jl _jla SPAQEE” = Bgp —3 -

Due to interpolations (27), (28), (31) and (32) the
stress resultants and displacement-independent strains
are discontinuous at the element boundaries.
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Therefore, the column matrices ®% and PP can
be eliminated on the element level that yields finite
element equations

KU=F, (41)

where K 1is the element stiffness matrix of order
12Ngasx12Ns,s defined as

o T .
K=Y 33 Aininkn (Rw):n ) QD" QR™n (42)
n iy Jjp ky

Since the matrix Q is quasidiagonal, its inversion

can be readily fulfilled in a closed form
1
Q'=—
Ael
0y /d
-0, /d

dlag( I6’ 1/(1)22, 1/(011,

- /d
@12 },1/(022, l/wll}
o, /d

(43)

where d = ®,,0,, —®,,0,,. Thus, no expensive

numerical inversion is needed if one uses the hybrid
stress-strain quadrilateral plate formulation developed.

Remark 1. Because L' are the Lagrange
polynomials of degree 7, —1 it is possible to carry out
exact integration in (16) utilizing the Gaussian
quadratures. Note also that the elemental matrices (38)
are evaluated numerically through Gauss integration
with 2x2 sampling points.

Remark 2. In a hybrid-mixed finite element
formulation, the displacement-independent strains and
stress resultants are selected so that the four-node
quadrilateral plate element would be free of shear
locking and kinematically stable. Owing to strain
interpolation (31), we introduced 12 assumed strain
parameters "', Wi @i for each SaS, that
is, 12Ns,s for all SaS. It seems to be excessive recalling
about 3Ns,s DOFs per node. However, there exist six
dependent strain modes exactly, which provide
a correct rank of the element stiffness matrix [26].

Benchmark Problems

The performance of the proposed hybrid-mixed
four-node laminated FG plate element denoted
by SaSQP4 is evaluated with exact solutions of
elasticity including 3D patch tests.

Bending patch test for laminated plate. The plate
patch test for the bending behavior of quadrilateral
elements confirms that the finite element formulation
developed is able to reproduce the constant stress-
strain states for distorted mesh configurations. Here,
we consider a patch of five plate elements [34] with
four external and four internal nodes as depicted
in Fig. 3.
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analytical answers. This is partially
confirmed by displacements of the top
surface u; at interior nodes listed

Py in Table 1 for three and five SaS inside

-1

each layer. Thus, the SaSQP4 element

F™ 3

Coordinate Ps Ps P; Py

5 4 18 16 8

= 2 3 8 8
Fig. 3. Patch test for a laminated FG plate

To achieve the constant 3D bending stress-strain
state in the case of zero Poisson's ratios, the
displacements of the n"™ layer are chosen as:

1 1
u" = ex{x1 +5x2j; ul” =ex3(—x1 +x2j;

ugn) = —%e[(xl)z +xlx? +(x2)2}

Inserting (44) in strain-displacement equations (3)
and using constitutive equations, we arrive at the
constant strain and stress fields in surfaces parallel to
the middle surface:

(n) _ o) _ ,,3.

(44)

26 =ex’; W =0, (45)

olp =0l = E,e; off = E,e? /2% olf) =0, (4

where E, is the elastic modulus of the n™ layer. One
can verify that the equilibrium equations, continuity
conditions at interfaces and boundary conditions
on outer surfaces, which are free of tractions, are
satisfied exactly.

Owing to 3D solution (44), the SaS displacements
at exterior nodes can be prescribed as follows:

ul(n)in _ ez(n)i,, (xl +%x2j; ugn)in — ez(n)in (%xl +x2j;

ugn)i" = —%e[(xl)z +xlx?+ (x2 )2} (47)

that results in:

(n)i

811 n—g (n)iy

(2’;)’11 — ez(”)’n ; zggg)’n =ez ;

. (48)
g =0

As a numerical example, we consider a sandwich
plate with E,=E;=10"; E,=10% h =hs=h/10;
h,=8h/10 and e=10". Applying the prescribed
displacements (47) to exterior nodes, one can observe

a=24, b=12, h=0.1

passes the bending plate patch test for
a sandwich plate. It should be
mentioned that the computations were
performed employing the 16-digit
calculation.

Bending patch test for FG plate.
Consider again a patch of five plate
elements shown in Fig. 3. The elastic
modulus is assumed to be distributed through the
thickness of the plate according to the exponential law

E=E ¢**09, _05<2<05, (49)
where E~ is the elastic modulus on the bottom
surface; z=x3/h 1s the dimensionless thickness

coordinate; o is the material gradient index defined as
a=m(E"/E), (50)

where E* is the elastic modulus on the top surface.

Applying the SaS displacements (47) for n =1 to
exterior nodes of the plate with £ =10° a=2 and
e=10", one can conclude that the SaSQP4 element
passes the bending patch test for a FG plate as well.
It is seen from Table 2, where displacements of the top
surface at interior nodes for three and seven SaS are
presented.

Table 1

Displacements at interior nodes in the bending
patch test for a sandwich plate

Formulation Node  10° u1+ 10°. u; —10* u;
Ps 2.500000 2.000000 1.400000

Exact Ps 9.750000 6.000000 19.35000
values P, 10.00000 8.000000 22.40000
Py 6.000000 6.000000 9.600000

Ps 2.500013 2.000003 1.400006

=3 Ps 9.749988 6.000002 19.35001
. P, 9.999981 8.000001 22.40002
Py 6.000017 5.999995 9.600016

Ps 2.499885 2.000125 1.399982

=5 Ps 9.750077 5.999927 19.34993
g P, 9.999878 8.000213 22.40000
Py 6.000069 6.000015 9.600048
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Table 2

Displacements at interior nodes in the bending
patch test for a FG plate

Formulation Node 10 u;" 10%u;  —10%u3

P, 2.5000000 2.0000000 1.4000000
Exact Py 9.7500000 6.0000000 19.350000
values P, 10.000000 8.0000000 22.400000
Py 6.0000000 6.0000000 9.6000000
P, 24999924 1.9999993 1.3999954
Py 9.7500068 5.9999996 19.349998
P, 10.000003 8.0000001 22.399997
Py 5.9999974 6.0000007 9.5999966
P, 24999924 1.9999993 1.3999954
Py 9.7500068 5.9999982 19.349993
h=17 P, 10.000010 8.0000009 22.399988

Pg  5.9999903 6.0000028 9.5999871

Simply supported three-layer FG rectangular
plate under sinusoidal loading. Here, we study a three-
layer rectangular plate subjected to sinusoidally
distributed transverse loading acting on its top surface

1 2
P3 = posin—sin—, p; =0, 51
a b
where a and b are the length and width of the plate.

The bottom and top layers with equal thicknesses
hy=h3=h/4, are composed of the graphite-epoxy
composite with the material properties

E =17272 GPa, Er=6.909 GPa,

Gi.r=345 GPa, Grr=138 GPa, and
vit = vrr = 0.25. Tt 1s assumed that the fibers
of bottom and top layers are oriented
respectively in  x'- and  x’-directions.
The central layer of the thickness h, = h/2
is made of the transversely isotropic FG
material with the elastic constants distributed
through the thickness according to a power
law:

C;333 =36.2 GPa, C17313 = C£323 =10.0 GPa,
Chia =133 GPa,

whereas the elastic constants on the top interface are
taken as Cl;fkl =2C5 -

To analyze efficiently the results obtained for
vy =2, we introduce the dimensionless displacements
and stresses at crucial points as functions of the
thickness coordinate:

7/71 :ELul(a,b/z,Z)/hpo, I/_lz :ELuz(a/z,b,Z)/hpo,
61] =Gll(a/2,b/2,z)/p0, 622 :Gzz(a/z, b/2, Z)/po,
61y =012(a,b,2)/ py;

6132613(a,b/2,2)/p0, 6232023(a/2,b,z)/p0,

633 2633((1/2, b/2, Z)/po,

where a = b = 1m.

Due to symmetry of the problem, only one quarter
of the plate (see Fig. 4) is modeled by a uniform 64x64
mesh of SaSQP4 elements. The data listed in Tables 3
and 4 show that the SaSQP4 element allows
reproducing the authors’ exact SaS solution [16] for
thick and moderately thick plates with a high accuracy
using the sufficiently large number of SaS inside the
layers. As can be seen, the SaSQP4 element provides
from three to four right digits for the displacements
and stresses at crucial points.

ézﬂ
1

J \fi‘

~1

=) N.(,E)x

Cyjpr =CyV ™ +CiV ™ x? i |
+ —1_V" — _ Y b b f / \P\P
Vt=1-v", V- =(0.5-2z)", (52) L \k\(
—-0.25<2<0.25, > g 17 \( / \(/\(
where Cjy; and Cj, are the values of elastic E ,l? \Fk / \é \é
. . . a = o
constants on both interfaces; y is the material Ea :
S ) . . d, = I !
gradient index; z =x3/h is the dimensionless dzi:hk\(
thickness coordinate. The elastic constants on  5/2 L > b2 A= >
the bottom interface are considered to be the al2 ¢, Symmetry a x! all c, a x

same as those in [16]:
C{lll = C£222 =413 GPa, Cizz =14.7 GPa,

Mesh parameter k=1

Mesh parameter k=2

Fig. 4. One quarter of the simply supported three-layer FG rectangular

plate modeled by distorted 4kx4k meshes with ¢, = 8a/8k and d,, = 8b/8k,

C1_133 = C2_233 = 101 GPa,

where k=1,2, ..., 16 and 6€[0, 0.6]
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Table 3
Convergence study for a three-layer plate with a/h =2 using a uniform 64x64 mesh
Formulation  #;(0.5)  #,(0.5) #3(0.5) G;;(0.5) ©,,(0.5) G,(0.5 G500 Gx3(0) G33(0)
I,=3 3.1523  1.3399 12772 0.48238  2.4846 —0.14093 —0.55566 —0.49464 0.43906
I,=4 3.1999 13734 12.832 047708  2.5271 -0.14347 —0.60492 -0.55892 0.44618
L,=5 32013 1.3769  12.836  0.47684  2.5322 -0.14363 -0.61857 -0.57944 0.45233
I,=6 32014  1.3769  12.836  0.47643 25317 -0.14363 -0.61815 -0.57703 0.45162
Exact[16]  3.2012 - 12.835 047646  2.5318 —0.14364 -0.61797 -0.57637 0.45156
Table 4
Convergence study for a three-layer plate with a/h = 10 using a uniform 64x64 mesh
Formulation  #(0.5)  #,(0.5) u3(0.5) G;;(0.5) ©5(0.5) G,(0.5) G300 GT5(0) G53(0)
I,=3 418.71 14334  1969.8  5.9872  46.781 -3.5266 -2.8096 -2.2369 0.48776
I,=4 418.95 14342 1970.7  5.9834  46.798 -3.5286 —2.9218 -2.4611 0.50103
I,=5 418.95 14342 1970.7 59823  46.798 -3.5286 -2.9551 -2.5383 0.504383
I,=6 418.95 14342  1970.7  5.9823  46.797 -3.5286 —2.9635 -2.5339 0.50420
Exact [16] 418.93 - 1970.7 59825  46.799 -3.5288 -2.9655 -2.5329 0.50436

Figure 5 displays the distributions of stresses
through the thickness of the three-layer FG plate for
different values of the slenderness ratio a/h by
choosing five SaS and the same fine finite element
mesh. These results demonstrate convincingly the high
potential of the SaSQP4 element developed because

the boundary conditions on bottom and top surfaces
and the continuity conditions at interfaces for
transverse stresses are satisfied correctly.

To investigate the performance of the SaSQP4
element more carefully, we consider the distorted
4kx4k finite element meshes composed of 2kx2k

0.5 T T 0.5 0.5 T |
% 4
10# (a/h—B ‘0\“’ h=2
; 0.25 - 50 = LJ' 0.25 - s E 0.25 - 20 I
< = ]
A= £ 8
o
E E g
2 of 1 8 of 1 2 °F L T
2 g 3 50 alh=2
=] = §
2 = 3]
£ 2 = 025 | |
£-025 = 025 [ 2 £-02 . 4
ah=2 10
-0.5 L -0.5 0.5 l L 450
-60 -30 0 30 60 -40 0 40 80 -20 -10 0_ 10 20
Stress 100a,,/5? Stress 100T4,/5> Stress 100a,,/5*
0.5 T \ T 0.5 T T T 0.5 T : -
L] ] ]
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[ o o
= £ =
o =] =
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) Stress 100,4/S
Fig. 5. Through-thickness distributions of stresses of the simply supported three-layer FG

Stress 10G53/S

square plate with I; = I, = I; = 5 using a uniform 64x64 mesh, where S = a/h

Stress

G33

52
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squares with distorted 2x2 meshes inside them as by distortion parameters c;=da/8k and d;= db/8k,

depicted in Fig. 4. The element mesh inside each which are dependent on a single distortion parameter
square is distorted by moving the inner node along the 6€[0, 0.6]. Figures 6 a, b show the results of the
diagonal. As a result, the generated meshes are defined convergence study due to mesh refinement and mesh
1.025 1.01 1.00
o 0.2 Ref. solution (—): o
= 1051 uwf=418.93 S o
= S [~ I >
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Fig. 6. Convergence study due to mesh refinement and mesh distortion for a simply supported three-layer FG square plate with:
a—alh=10 andll :12:13=5; bfa/h=50and11 =12=]3:5
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distortion through the use of normalized displacements
and stresses for slenderness ratios of 10 and 50 by
choosing five SaS inside each layer. The analytical
answers are provided by the exact SaS solution [16].
It is seen that the SaSQP4 element behaves practically
insensitive with respect to the extremely high mesh
distortion including 6=0.6 except for transverse
stresses in the case of thin plates.

Conclusion

The paper describes a hybrid-mixed ANS four-
node quadrilateral laminated FG plate element based
on the SaS formulation in which the displacements
of SaS are utilized as basic plate unknowns. The SaS
are located at Chebyshev polynomial nodes inside
the plate body that make it possible to minimize
uniformly the error due to Lagrange interpolation of
displacements, strains and material properties through
the layer thicknesses. The element stiffness matrix
is evaluated without using the expensive numerical
matrix inversion that is impossible in available hybrid-
mixed finite element formulations. The quadrilateral
element developed passes 3D bending patch tests for
laminated and FG plates. It can be recommended
for the 3D stress analysis of thin and thick laminated
FG plates due to the fact that the SaS solutions
asymptotically approach the solutions of elasticity as
the number of SaS goes to infinity.
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