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Abstract 
 

Using the developed mathematical models of errors in measuring the heat conductivity and the thermal diffusivity 
coefficient of heat insulating materials, the authors propose a method for selecting the optimal: (1) value of the heat pulse 
duration; (2) basic construction size of the device, and 3) conditions for implementing the algorithm of the experimental data 
processing. 
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Introduction 
 

The need for information on thermophysical 
properties of heat insulating materials arises while 
designing new technological processes, controlling 
product quality in conditions of real-life production 
processes, as well as while doing mathematical 
modeling and solving optimization problems of 
modernized industries [1 – 5]. The main approach to 
obtaining knowledge of thermophysical properties for 
new substances and materials remains their 
experimental measurement [1 – 8]. 

Traditional methodology of implementing 
methods of “instantaneous” heat sources did not pay 
due attention to the choice of [1 – 4]:  

1)  optimal conditions for measuring and 
processing primary information;  

2)  the rational constructionsizes of the used 
measuring devices, 3) the actual heat pulse duration 

pulseτ .  
Only recent publications [5 – 10] have discussed 

the optimization of the mode parameters in the 
measurement process and rational values of 
construction sizes of measuring devices. However the 

choice of the optimal heat pulse duration has not been 
considered. 

The aim of the research results presented in the 
article is to increase the accuracy of measuring 
thermophysical properties of heat insulating materials 
by the pulse plane heat source method by selecting the 
optimal conditions for both the measurement process 
of thermophysical properties and the algorithm for 
processing the experimental data. 

To achieve this goal, the following tasks have 
been set and solved: 

1)  a mathematical formulation of the problem of 
choosing the optimal conditions for carrying out the 
experiment and subsequent processing of the obtained 
experimental data was made for the pulse plane heat 
source method; 

2)  the problem of choosing the optimal: a) heat 
pulse duration; b) basic construction size of the 
measuring device; c) parameters of the algorithm for 
processing experimental data, has been solved; 

3)  recommendations on the implementation of 
the pulse plane heat source method when measuring 
thermophysical properties of heat insulating materials 
have been formulated. 
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A significant drawback of the known methods of 

a plane "instantaneous" heat source is that the 
mathematical model of the temperature field T(x, τ) in 
the sample is represented in the form [1 – 10]: 

 

( ) ( ) ( )τ+
∂

τ∂
λ=

τ∂
τ∂

ρ ,,,
2

2
xW

x
xTxTc ,  

 

+∞<<∞−>τ x,0 ; 
 

( ) 00, 0 == TxT ; 
 

( ) ( ) 0,, 0 ==τ∞+=τ∞− TTT , 
 

where the internal heat source W(x, τ) is given as a 
plane instantaneous pulse ( ) ( ) ( )τδδ=τ xQxW n, , but in 
fact the heat is supplied to the heater for a period of 
time  pulse0 τ≤τ< .  

The designations used above: x, τ is the spatial 
coordinate of the sample and time; cρ, λ is volumetric 
heat capacity and heat conductivity of the studied 
material; T0 is the initial temperature of the material  
(at time τ = 0) taken as the start of the temperature 
scale in each experiment, i.e. T0 = 0; Qп is the amount 
of heat released per unit surface of the flat heater at  
x = 0 and at time τ = 0; δ(x), δ(τ) – the symbolic Dirac 
delta functions [1, 5, 11, 12], pulseτ  is the duration of 
the real (not instantaneous) heat pulse applied to the 
heater. 

The physical model of the measuring device is a 
cell (Fig. 1) where a sample which consists of three 
plates: the lower plate 2, the middle plate 1 and the top 
plate 3 is placed. The highest requirements are 
imposed on the accuracy of manufacturing the middle 
plate 1 of a given thickness x, the upper and lower 
edges of which must be made strictly parallel to each 
other. The low-inertia flat heater 4 is usually placed 
between the lower plate 2 and the middle plate 1, and 
the primary temperature measuring transducer, e.g. a 
thermocouple 5, is installed between the middle and 
the top plates.  

The measuring cell shown in Fig. 1 includes the 
following main elements. 

I. The sample of the studied material made in the 
form of three plate elements 1, 2, 3. Note that the 
thickness x of the plate element 1 along the x axis is 
selected within the range of 2 to 10 mm depending on 
the thermophysical properties of the studied heat 
insulating material. The heights L2 and L3 along the x 
axis of elements 2 and 3 of the studied heat insulating 
material should be about 60 mm. 

II. The electric heater 4 placed between the 
sample elements 1 and 2. Dimensions Ну = 100 mm  
 

 
 

Fig. 1. A scheme illustrating the structure of a measuring 
cell and the mutual arrangement of its constituent parts 

 
and Нz = 100 mm of all three elements 1, 2, 3 (of the 
studied sample) along the y and z axes are chosen 
according to the size of the electric heater 4 made of  
a permalloy sheet fixed in electrical insulating 
(dielectric) holders 6. To obtain the desired electrical 
resistance Rheater =1,57 Ohm of the heater 4, the 
permalloy sheet is provided with slots 7, and the outer 
elements of the slotted heater are provided with 
electrical contacts 8 to which wires intended for 
supplying electric voltage power are connected. 

III. Primary temperature measuring transducer 
made in the form of a thermocouple 5 butt welded 
(from Chrome and Copper wires) and placed between 
the elements 1 and 3 of the studied sample. 
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IV. Easily removable thermal insulation shown in 

Fig. 1 in the form of dashed lines 9. This easily 
removable insulation is made of foam plastic in the 
form of three constituent parts, the internal dimensions 
of which are 2–3 mm larger than the outer overall 
dimensions (along the y, z axes) of the elements 1, 2 
and 3 of the studied sample. 

V. To reduce the thermal resistances that occur at 
the points of contact: 

1) of the sample elements 1 and 2 with the heater 4; 
2) of the sample elements 1 and 3 with each other 

and with the thermocouple 5, the structure of the 
measuring cell involves the use of the constant mass 
creating the force F, shown in Fig. 1 with an arrow, 
and ensuring mutual pressing of the elements 1, 2, 3 to 
each other, to the heater 4 and the thermocouple 5 with 
a constant force, which allows to stabilize the value of 
thermal resistances and minimize the effect of their 
changes on the results of measuring thermophysical 
properties, i.e. thermal diffusivity а, volume heat 
capacity cρ and heat conductivity λ = а·сρ. 

Constructions of similar measuring devices and 
their connection schemes to information-measuring 
and control systems are also considered in [1 – 5]. 

The mathematical model of the temperature 
field T (x, τ) in a flat sample (in the case of using a 
pulsed plane heat source) on the basis of the classical 
theory of heat conductivity [1 – 4, 11, 12] can be 
written as: 

2

2
( , τ) ( , τ) , τ 0, 0 ;
τ

T x T xa x
x

∂ ∂
= > < < ∞

∂ ∂
        (1) 

0( ,0) 0 ;T x T= =                         (2) 

pulse pulse
(0, τ)

λ (τ,τ ) (τ) (τ τ ) ;c
T

q q h h
x

∂
− − −

∂
⎡ ⎤= = ⎣ ⎦ (3) 

0( ,τ) 0,T T∞ = =                     (4) 

where 
ρ
λ

=
c

a
 

is the thermal diffusivity coefficient; 

( )pulse,ττq  is pulse plane heat source with duration 

pulseτ ; cq  is the heat flux supplied to the sample 
through the surface x = 0 during the time interval 

pulse0 τ≤τ<  h(τ), h(τ – τpulse) are the individual 
asymmetric step functions given by the ratio [12]: 
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         (5) 

 

pulseτ  is the heat pulse duration of ( )pulse,ττq . 
The ratio used in the mathematical model is 

graphically illustrated in Fig. 2. 
 

 
 

Fig. 2. The change of physical quantities in time τ: 
a – the heat pulse ( ) ( ) ( )pulsepulse, τ−τ−τ=ττ hqhqq cc   

representing the algebraic sum of step functions ( ) ( )pulseτ−τ−τ hquhq cc ; 

b – the temperature difference ( )[ ]0, TxT −τ  at a distance x from the pulse plane heat source  
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b) 
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The solution of the boundary value problem  

(1) – (4) with the simpler boundary condition (3) in the 
form 

( ) ( )0,
c

T
q h

x
∂ τ

−λ = τ
∂

, 
 

according to the monograph [4] can be written as 
follows 
 

0
2

, τ  –  τ ierfc .
λ 2

(
τ

) cq x
T x T a

a
=           (6) 

 

Using the superposition principle [11, 12] and the 
known ratio (6), the solution of the boundary value 
problem (1) – (4) stated above takes the following 
form: 
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special function [11] which is an integral of the 

function ( ) ( )erfc 1 erf ;W W= −  ( ) 2

0

2
erf e

π
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is a Gauss error function [11, 12]. 

For the instants of time pulseτ τ≥  the solution (6a) 

with consideration of (7), takes the following form 
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The dependency graph (8) is shown in Fig. 2b. 
Fig. 2b shows that the change in the temperature 
difference ( )[ ]0, TxT −τ  calculated by formula (8) at 
the instant of time τ = τmax reaches the maximum 
value  [ ] ( )[ ]0max0max , TxTTT −τ=− , and this moment 
of time τ = τmax corresponds to the definite value of 
the dimensionless function  

 

( )max
max

τ
2 τ

.m x
U U

a
= =

 
 

The traditional approach to carrying out the 
experiment and subsequent processing of the 
obtained data in the measurement of thermophysical 
properties by the plane "instantaneous" heat source 
method consists of the following stages [1 – 4]: 

1) a sample of the studied material is made in the 
form of three plates, a flat heater and a thermocouple 
are placed between these plates (see Fig. 1), and then 
the uniform distribution of the temperature field 
( ) const, 0 ==τ TxT  inside the sample of the studied 

material is expected to be achieved; 
2) for a determined period of time pulse0 τ≤τ<  a 

constant electric power P is applied to a flat electric 
heater with area S and a change in the temperature 
difference is recorded from the thermocouple signal 
( )[ ]0, TxT −τ   in the time τ; 

3) the maximum value of the temperature 
difference [ ] ( )[ ]0max0max , TxTTT −τ=−  and the value 
of the time moment τ = τmax corresponding to this 
maximum value [ ]0max TT −  are determined according 
to the obtained experimental data; 

4) according to the obtained values of τmax, 
0max TT − , taking into account the known values of the 

distance x and the total amount of heat Qn supplied to 
the sample, the required values of the thermal 
diffusivity coefficient α and heat conductivity λ of the 
studied material are calculated from the known 
formulas 

2

max
,

2τ
xa =

     max

λ .
2π

пQ

T x e
=  



 

 

Advanced Materials & Technologies. No. 4, 2018 73

 

AM&T 
The traditional procedure for carrying out the 

experiment and processing the obtained data has the 
following typical drawbacks: 

1) high relative error in determining the time 
moment τ = τmax (about 15 – 20 %), 

2) lack of recommendations for the choice of: 
–  the optimal conditions for processing 

experimental data; 
–  the optimal thickness x of the middle sample 

plate; 
–  the optimal value of the heat pulse duration 

τpulse. 
 

The developed technique for carrying out  
the experiment and processing experimental data 

 
Using the technique for carrying out the 

experiment and then processing the obtained data 
(when measuring thermophysical properties by the 
pulse plane heat source method) developed and 
described in this paper, a sample of the studied 
material is made in the form of three plates between 
which a flat heater and a thermocouple are placed. 
After the uniform distribution of the temperature field 
( ) const, 0 ==τ TxT  is achieved in the sample, a 

constant power pulse P is applied to the flat electric 
heater with an area S for a determined period of time 

pulse0 τ≤τ< , and an array of changes in the time of 
the temperature difference ( )[ ]0, TxT −τ  is recorded in 
the thermocouple. According to the obtained array, the 
maximum temperature difference [ ]0max TT −  in the 
sample and the corresponding value of the time 
moment  τmax are determined, using which (taking into 
account the known x and ( )2cq P S= ) the thermal 
diffusivity coefficient α and the heat conductivity λ are 
calculated for the studied material according to the 
formulas (10) and (11) below from the experimental 
data corresponding to the optimal values of the 
dimensionless parameter γ. 

The methodology proposed by the authors of this 
article introduce a dimensionless parameter  

 

( ) ( )max0 0γ ( , τ)T x T T T= − − ,              (9) 
 

representing the ratio of the current temperature 
difference value ( )[ ]0, TxT −τ  to the maximum value 
of this difference [ ] ( )[ ]0max0max , TxTTT −τ=−  at the 
time  moment τ = τmax. 

Fig. 2b shows that each temperature difference 
value ( ) ( )max 0 0γ – , τT T T x T= −′ , and consequently, 

each value γ, in the interval 0 < τ < τmax corresponds to 
a particular time moment τ' and the value of the 

dimensionless function ( ) ( )τ 2 τU x a′ ′= . 

In order to determine the value of the 

dimensionless function ( ) ( )τ 2 τU x a′ ′=
 

corresponding to the given value of the dimensionless 
parameter γ from the data obtained during the 
experimental measurement of thermophysical 
properties (in the form of temperature differences array 
( )[ ]0, TxT −τ  corresponding to the known time 

moments τ), the following approach is used. If we 
substitute τ = τmax into the formula (8), we obtain 
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and after dividing (8) by (8a) the ratio (9) takes the 
following form 
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During the experiment in the numerical modeling 
of the measurement process, an array of temperature 
differences ( )[ ]0, TxT −τ  was determined, and then, 
using the search method, the maximum value of this 
difference 0max TT −  was found, the analytical 
expression for which is obtained from (8) at τ = τmax in 
the form (8a). With the known 0max TT −  and given γ 
the root of the equation (9a) was found as the value of 
the dimensionless function ( )τU ′ . Considering the 

known value of the dimensionless function ( )τU ′
 and 

the known corresponding values of x and τ′ , on the 

basis of the ratio ( ) ( )τ 2 τU x a′ ′= , the sought value 

of the thermal diffusivity coefficient has been 
calculated by the formula 
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( )( )( )22 4τ τa x U′ ′= .                     (10) 
 

Taking into account (8) and (9), the formula for 
calculating the heat conductivity takes the following 
form 
 

( ) ( )pulse 0λ Ф τ , τ , τ , τcU q x T x T= −′ ′ ′⎡ ⎤ ⎡ ⎤⎣ ⎦⎣ ⎦ ,    (11) 
 

where  
 

( ) ( ) ( )pulseФ τ , τ , τ ierfc τ τU U U′ ′ = −′ ′⎡ ⎤ ⎡ ⎤⎣ ⎦⎣ ⎦  
 

( ) ( ) ( ) ( )( )pulse pulseierfc τ τ τ τ τ τ τ τU U′ ′ ′−′ ′ ′ −⎡ ⎤− ⎢ ⎥⎣ ⎦
. 

 
The choice of the optimal values  
of the dimensionless parameter γ  
and the heat pulse duration τpulse 

 
In accordance with the theory of errors [1, 14, 15] 

and the available experience of solving similar 
problems [5 – 10, 13, 16 – 22], after making the 
logarithm of the dependence (10) and the subsequent 
definition of the differential from the left and right 
parts we get the following: 

 

( )ln 2ln ln 4 ln τ 2ln τ ;a x U= − − ′−′  
 

( )ln 2 ln ln4 lnτ 2 ln τ ;d a d x d d d U= − − ′−′  
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( )
τ 4 τ
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4 τ τ
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′
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′
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′

′
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According to the theory of errors, it has been 
carried out [1, 14, 15]: 

1)  the replacement of differentials , da a≈ Δ  
( ) ( ), τ τ ,  τ τdx x d dU U≈ Δ ≈ Δ ≈′ Δ′ ′ ′

 by absolute 

errors ( ), ,  τ ,  τ ;a x U′Δ Δ ′Δ Δ  
2)  taking into account that the differential of the 

constant is 4 0;d =  
3)  the replacement of the signs “–”by signs “+” 

in (12), and the formula for calculating the so-called 
marginal estimation of the relative error in measuring 
the thermal diffusivity has been obtained 

 

( )
( )marg

ττ
2 2

τ τ

Ua x
a x U

′′ ΔΔ Δ Δ
= + +

′ ′
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or 
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a x U
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′

ΔΔ Δ Δ
= = =

′
=′

′
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expresses relative errors in the determination of the 
corresponding physical quantities ( ),  ,  τ ,  τ . a x U′ ′  

After the transition (according to 
recommendations [1, 14, 15]) from the marginal 
estimation margδ )( a  to the root-mean-square (RMS) 

estimation RMSδ )( a  of the error in determining the 
thermal diffusivity coefficient, we obtain 

 

( ) 22 2
RMS(δ ) 4(δ ) (δτ ) 4 δ τ .a x U= ′+′+ ⎡ ⎤⎣ ⎦     (13) 

 

Let us consider the procedure for determining the 
errors included in the last expression (13) in a more 
detailed way. Bearing in mind that the value of the 
time moment depends on the dimensionless parameter 
γ, i.e. ( )τ τ γ ,′ = ′ , we get 

 

( )( ) ( )δ τ γ δ γU U= ≈′ ′⎡ ⎤⎣ ⎦  
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To determine the absolute error Δγ  we can 
transform the formula (9) (by analogy with the above)  

 

( )
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2 2

max0 0
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max 0 2

(δγ)
, τ

1
δ 1
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T T
T x T T T
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Δ Δ
= =
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⎢ ⎢⎥ ⎥

⎢⎢ ⎦⎦ ⎣⎣  

or 
 

( ) ( ) 2
max max0 02

1
γ γ δ 1 δ 1 γ

γ
,T T T TΔ = − + = − +  

 (14) 
 

where TΔ  is an absolute error in measuring tempera-
ture difference; ( )max 0δ T T− ( )max 0T TT −= Δ  is a 
relative error in measuring the maximum value of the 
temperature difference ( )max 0T T− ; RMSγ, (δγ)Δ  is 
absolute and root-mean-square relative errors in 
determining the dimensionless parameter γ from the 
experimentally measured values of the temperature 
differences ( ) 0, τT x T−′⎡ ⎤⎣ ⎦  and [ ]max 0T T− . 
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The relative error δτ′  in the determination of the time moment τ′  in (13) is also related to the errors in 

measuring the temperature differences ( ) 0, τT x T−′⎡ ⎤⎣ ⎦ .  

From the ratio 
( ) 0

τ = τ

, τ

τ τ

T x T T

′

∂ − Δ
≈

∂ Δ

′⎡ ⎤⎣ ⎦  we get  

( ) 0

τ = τ

τ
δτ

τ , τ
τ

τ

,T

T x T

′

′
′

′ ′
′

Δ Δ

∂ −

∂ ′

=
⎡

=
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⎨ ⎬
⎪ ⎪⎩ ⎭

⎤⎣ ⎦
                                                    (15) 

where Δτ , δτ′ ′  is absolute and relative errors in determining the time moment corresponding to a given value of the 
dimensionless parameter γ. 

Substituting (14), (15) into the formula (13), we obtain the following ratio 
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2
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                   (16) 

  

which is used in further calculations to get (for the 
case of measuring the thermal diffusivity coefficient) 
the optimal values:  

1) the dimensionless parameter γ;  
2) the basic construction size x of the middle plate 

of the studied sample (see Fig. 1). 
Then the work was done to obtain a ratio for 

calculating the root-mean-square estimation of the 
relative error ( )RMSδλ  in measuring the heat 
conductivity λ. Taking into account that for each 
known heat pulse duration the values: 

1) the time moment ( )τ = τ γ ;′ ′
  

2) the dimensionless function ( )( ) ( )τ γ γU U′ = ′
 

depend on the dimensionless parameter γ, the 
previously obtained formula (11) for calculating the 
heat conductivity has been transformed to the form 

 

( ))(
( )

0

λ= γ ,
, τ γ

cq x
F

T x T−⎡ ⎤⎦⎣
               (17) 

 

where ( ) ( )( ) ( )( )pulseγ Ф τ γ ,  τ γ .F U U′ ′≡ −⎡ ⎤
⎣ ⎦τ  

Then, according to the recommendations of the 
theory of errors [1, 14, 15], after making the logarithm 
of the dependence (17) and the subsequent 
determination of the differentials from the left and 
right parts, we obtain: 

 

0ln λ ln ln ln [γ] ln[ ( , τ) ];cq x F T x T= + + − −  
 

0ln λ ln ln ln [γ] ln[ ( , τ) ];cd d q d x d F d T x T= + + − −  

0

0

[ ( , τ) ]λ [γ]
.

λ [γ] [ ( , τ) ]
c

c

d T x Td dq dx dF
q x F T x T

−
= + + −

−
 

 

Having replaced the differentials λ λ,d ≈ Δ  
,dx x≈ Δ  c cdq q= Δ , [γ] [γ],dF F≈ Δ  

( ) 0 , τd T x T−′⎡ ⎤⎣ ⎦ ≈ ( ) 0 , τT x TΔ −′⎡ ⎤⎣ ⎦  d ≈ Δ with the 
corresponding absolute errors λΔ , xΔ , γΔ , [γ]FΔ , 

cqΔ , ( ) 0 , τT x TΔ −′⎡ ⎤⎣ ⎦  as adopted in the theory of 
errors [1, 14, 15], we obtain 

 

0

0

[ ( , τ) ]λ [γ]
.

λ [γ] [ ( , τ) ]
c

c

T x Tq x F
q x F T x T

Δ −Δ Δ Δ Δ
= + + −

−
 

 

Having changed signs “–” with signs “+”, we obtain an 
expression for calculating the so-called marginal 
estimation [1, 14, 15] of the relative error in measuring 
heat conductivity 
 

0

marg 0

[ ( , τ) ]λ [γ]
λ [γ] [ ( , τ) ]

c

c

T x Tq x F
q x F T x T

Δ −Δ Δ Δ Δ
= + +

−
⎛ ⎞ +⎜ ⎟
⎝ ⎠  

 

or 
( )marg 0δλ δ δ δ [γ] δ ( , τ) ,cq x F T x T= + + + −⎡ ⎤⎣ ⎦  (18) 

 

where     
 

marg
λ

δλ ,
λ
Δ

≈
 
δ ,

x
x

x
Δ

≈ δ   ,c
c

c

q
q

q
Δ

= δ [γ]F , 
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δ ( ) 0 , τT x T−′⎡ ⎤⎣ ⎦  are relative errors in determining the 

corresponding values λ,  ,    cx q , F(γ), ( ) 0 , τT x T−′⎡ ⎤⎣ ⎦ . 
By analogy with the above procedure for 

determining errors [1, 14, 15], we obtain: 
 

1 [ ]
[ ]

γ
δ [γ] γ ;

γ γ
F

F
F ∂

= Δ
∂

 
 

( ) ( ) 2
max max0 02

1
γ γδ 1 δ 1 γ ,

γ
T T T TΔ = − + = − +  

 

[ ]0
0

( , τ) ,
( , τ)

T
T x T

T x T
Δ

− =
−

δ
 

 

where  
( ) 0 , τT T x T′Δ ≡ Δ −⎡ ⎤⎣ ⎦  

is an absolute error in measuring temperature 
differences ( ) 0 , τT x T−′⎡ ⎤⎣ ⎦ .  

Taking into account the above calculations, the 
expression (18) takes the following form 

 

( )

( )

marg

2
max 0

0

1 (γ)
(γ) γ

δλ δ δ

1 γ δ
( , τ)

.

cq x

T
T T

x T

F
F

T

= + +

Δ
+ +

∂

∂

−
−

×

×  

 

After the transition (according to 
recommendations [1, 5, 6, 14, 15]) from the marginal 
estimation marg(δλ)  to the root-mean-square estimation 

RMS(δλ)  of the relative error in the determination of 
heat conductivity, we obtain 

 

( )
2

2 2 2
m

2

RM ax 0
0

S
1 (γ)
(

(δλ) (δ )
γ) γ

(δ ) 1 γ δ .
( , τ)c

T
q x T

F
T

T TF x
∂ Δ

= + + −
−

+ +
∂

⎛ ⎞
⎜

⎧ ⎫
⎨ ⎬
⎩

⎟
⎠⎭ ⎝

                (19) 

 
To reduce the errors in the measurement of heat 

conductivity RMSδλ( )  during the measuring process, it 
is desirable to provide such modes of conducting 
experiments in which the maximum temperature 
difference in the sample would not change very much, 
i.e. [ ]max 0 c nst– oT T ≈ . For that purpose, in each 
experiment a constant amount of heat 

pulseconst 2 τ constcQ q= =  should be brought about to 

the unit of the sample surface (1 m2). Here we note that 
the value of Qconst has dimensions J/m2. Then the 
power consumed by the heater, ensuring the 
implementation of the formulated condition 
Qconst ≈ const, can be calculated using the formula 

const pulseτP Q S= . In this case, the heat flux (from the 

heater with power P and area S) supplied to the lower 
side of the middle plate (indicated by the position 1 in 
Fig. 1) for a period of time pulse0 τ τ≤ ≤  can be 

calculated by the formula  

2c
P

q
S

= .                             (20) 
 

Numerical calculations and experimental studies 
have shown the following. When using samples of heat 
insulation materials (with the thickness of the middle 

plate 2.5 – 5.0 mm, the thermal diffusivity coefficient 
a = (1.0 – 1.5)⋅10–7 m2/s and heat conductivity 
λ = 0.05 – 0.2 W/(m·K)) in order to obtain the 
temperature difference in the range of 3 – 7 °C the 
amount of heat supplied to a unit surface should be in 
the range of values Qconst ≈ 50 – 80 kJ/m2. 

With the values of constQ = 55 kJ/m2 and the heater 
area S = 0.01 m2, the power consumed by the heater 
can be calculated by the formula 

 

pulse

550
τ

P = .                               (21) 
 

Let us consider the calculation of the error 
component included in the formula (19). 

After making the logarithm of the expression (20), 
defining the differentials of its left and right parts, and 
implementing the recommendations of the theory of 
errors [1, 14, 15], we get: 

 

( ) ( )
2 22 2

pulseδ (δ ) (δ ) (τ )сq P S P P S S= + = Δ + Δ .  

 (22) 
 

When performing calculations, the values ( )pulseτP  
have been calculated by the formula (21). After 
substitution (22) in (19) we get: 

 

( ) ( )
( ) ( ) ( )( )( )

2

pulse

2
22 2 2

maxRMS 0 0
γ

(δλ) (δ ) (δ ) γ 1 δ , τ
γ γ(τ )

dF
S x T T T T x T

F d
P

P
= + + + + − + Δ −

Δ⎡ ⎤
⎢ ⎥
⎢ ⎥

⎛ ⎞
⎜ ⎟⎟
⎝ ⎠⎣ ⎦
⎜ .       (23) 
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Table 1 

The dependence of errors RMSδ( )a , RMSδλ( ) , ср
RMS RMSδ δλ

δ
( ) ( )

2
a +=  from the value of the heat pulse 

duration pulseτ  with the thickness of the middle plate in the sample x = 3,55 mm  
 

Root-mean-square error 
τpulse, s 

5 10 15 20 25 30 35 40 

RMSδλ( )  
 

5.1105 5.1272 5.1448 5.1933 5.2423 5.3014 5.3704 5.4489 

RMSδ( )a   6.6725 6.4696 6.3493 6.2802 6.2418 6.2223 6.2149 6.2147 

meanδ  5.8915 5.7984 5.7521 5.7367 5.742 5.7619 5.7925 5.8318 

 
When calculating according to (23), it was 

assumed that ΔP = 0.5 W and the relative error in 
measuring the area S of the heater is δ 0,5 %S = . 

The results of calculating the dependences of 
errors RMSδ( )a , RMSδλ( )  and their arithmetic mean 

values RMS
mea

S
n

RMδ δλ
δ

2
( ) ( )a +=

 
from the heat pulse 

duration pulseτ  are presented in Table 1. 

Table 1 shows that with increasing pulseτ  the error 

RMSδλ( )  monotonously increases, the error RMSδ( )a  

decreases, and their arithmetic mean value meanδ  takes 
the minimum values in the interval 15 < pulseτ < 25 s. 

 
Results of numerical simulation  

of the root-mean-square relative errors  
in the measurement of thermal diffusivity 

coefficient a and heat conductivity λ 
 

Using the obtained formulas (16) and (23), the 
dependences of the root-mean-square relative errors 

RMSδ( )a , RMSδλ( )  at the heat pulse duration 

pulseτ  = 21 s have been calculated and shown in Fig. 3. 

The following initial data have been used: δS = 0.5 %, 
constQ = 55 kJ/m2, 5 < pulseτ < 40 s, 71.06 10a −= ⋅ m2/s, 

λ 0.194=  W/(mK), 0.5PΔ =  W, x = 2–8 mm, 
Δx = 0.1 mm, ΔT = 0.05 K. 

During the research it has become obvious that 
the minimum values of the relative errors RMSδ( )a , 

RMSδλ( )  depend not only on the dimensionless 
parameter γ, but also on the distance x from the heater 
placement plane to the thermocouple installation plane, 

which measures the temperature difference 
( ) 0 , τT x T−′⎡ ⎤⎣ ⎦ . In this regard, it has been decided to 

construct lines of equal error levels on the plane with 
coordinates γ and x. The results of this work are 
presented in Fig. 4. 

The results of calculations presented in Fig. 4 
show that (using the initial data in the calculations) 
acceptable values of the root-mean-square relative 
errors RMSδ( )a  of measuring the thermal diffusivity 
coefficient a occur at the values of a dimensionless 
parameter in the range 0.35 γ 0.59а< ≤  and at the 
values of the basic construction size of the measuring 
device within the limits 4.0 5.0 x< ≤  mm. The 
minimum values of the error RMSδ( )a  are achieved at 

opt
аγ ≈ 0.465 and opt

аx ≈ 4.5 mm. 
At the same time, acceptable values of the root-

mean-square relative errors RMSδλ( )  in measuring the 
heat conductivity λ occur in the range of values 
0.90 γ 1.0 < ≤  and 2.4 3.6.x≤ ≤  At the same time, 
the minimum values of the errors RMSδλ( )  are 

achieved at opt
λγ = 1 and opt

λx ≈ 3.0 mm. 
Thus, in order to achieve the minimum values of 

error RMSδ( )a  and RMSδλ( )  when measuring the 
thermal diffusivity coefficient a and heat conductivity 
λ of the studied material, a measuring transducer 
should be used with the distance between the 
temperature meter and the heater in the range 
3.0 < x < 4.5 mm, in which connection the following 
formula can be accepted  

 

optopt
opt 2

a xx
x

λ+
= = 3.75 mm. 
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Fig. 3. Dependencies of the root-mean-square relative errors RMSδλ( )  and RMSδ( )a   (on the dimensionless parameter γ  

for different values of the distance x from the location of the plane pulse heat source to the plane in which the thermocouple 
measuring the temperature difference ( ) 0 , τT x T−′⎡ ⎤⎣ ⎦  is located) during measurements of: 

a – heat conductivity λ; b – thermal diffusivity coefficient a 
 

 
 

Fig. 4. Lines of equal levels in root-mean-square relative errors RMSδ( )a  and  RMSδλ( )  constructed  

with an optimal heat pulse duration τpulse  of 21 s 
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To clarify the optimal value of the heat pulse 

duration pulseτ  ensuring the achievement of the 

minimum values of relative errors RMSδ( )a , RMSδλ( )  
and the arithmetic mean values of the errors 

( ) ( )RMS RMS
meanδ

δ δλ

2

a +
=
⎡ ⎤⎣ ⎦  in measuring 

thermophysical properties a and λ, calculations have 
been performed using formulas (16) and (23) (for the 
already determined optimal values), the results of 
which are shown in Fig. 5. 

Fig. 5 shows that when changing the heat pulse 
duration pulseτ  the arithmetic mean value of root-

mean-square estimations of relative errors takes on 
minimal values at puls

t
e

opτ ≈ 21 s in the range of 

18 < pulseτ < 24 s. 

The above dependence presented in Fig. 5 may 
leave a wrong impression that when taking into 
account the influence of the heat pulse duration pulseτ , 

the measurement errors decrease only by 0.025 –
 0.063 %. In fact, the application of the measurement 
and data processing methods proposed in this paper 
allows the arithmetic mean value of the root-mean-
square estimations of relative errors 

( ) ( )RMS RMS
meanδ

δ δλ

2

a +
=
⎡ ⎤⎣ ⎦

 
to be reduced by  

  

 
 

Fig. 5. Dependencies of arithmetic mean values 

( ) ( )RMS RMS
meanδ

δ δλ

2

a +
=
⎡ ⎤⎣ ⎦  of root-mean-square 

estimations of relative errors RMSδ( )a , RMSδλ( )  
 for measuring the thermal diffusivity coefficient a and heat 

conductivity λ on the heat pulse duration τpulse   when processing data using the pulse plane heat source method 
considered in this article 

5 – 8 % compared with the traditional plane 
“instantaneous” heat source method [1 – 4]. 

To illustrate this fact we performed calculations 
of the thermal diffusivity coefficient a and heat 
conductivity λ  values for various heat pulse duration 

pulseτ  values using: 

– the calculated ratios (10) and (11) proposed in 
this article; 

– the calculated ratios [1 – 4] 
 

2
const 0

inst inst
max max max2τ 2 2π τ

; λ ,Q x
a

e T
x

= =       (24) 

 

used in the implementation of the traditional plane 
“instantaneous” heat source method. In these 
calculations the exact values 7

exact 1.06 10a −⋅=  m2/s,  

exact 0.194λ =
 
W/(mK), opt 3.75 x =  mm, have been 

used and the power value has been calculated by the 
formula (21). 

After calculating the values of a and λ by the 
formulas (10) and (11), as well as insta  and instλ  
according to the formulas (24), the errors 

exact

exact
δ 100 %,

a a
a

a
−

= ⋅   exact

exact

λ λ
λ

δλ 100 %,−
= ⋅  

 

exactinst
inst

exact
δ 100 %,

a a
a

a
−

= ⋅  

 

exactinst
inst

exact

λ λ
λ

δλ 100 %,
−

= ⋅  

have been calculated and then the arithmetic mean 

values 
[ ]

2
δ λ

δ
δa +

=  and inst
inst

instδ δ[ λ ]
δ

2
a +

=  have 

been found. 
As a result, the graphs 1 pulseδ (τ )f=  and 

2inst pulseδ (τ )f=  presented in Fig. 6 have been built. 

The graphs presented in Fig. 6 show that the 
following results have been obtained when 
numerically simulating the measurement of 
thermophysical properties: 

1) when using the plane pulse heat source method 
proposed in the article, the arithmetic mean values of 
the data processing errors 1 pulseδ (τ )f=  do not exceed 

1 %; 
2) when processing data with calculation ratios 

(24), which are the basis of the traditional plane 
“instantaneous” heat source method [1 – 4], the 
arithmetic mean values of data processing errors 
 

δmean 

τpulse, s 10  11   12   13  14  15  16  17   18   19   20  21  22  23   24   25  26  27   28 

5.82 

5.80 

5.78 

5.76 

5.74 

5.72 

5.70 
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Fig. 6. Comparison of experimental data processing errors 

2inst pulseδ (τ )f=  in the case of using the traditional plane 

“instantaneous” heat source method and experimental data 
processing errors 1 pulseδ (τ )f=  using the plane pulse heat 

source method considered in this article 

 
inst inst

2inst pulse
[ ]

δ (τ )
2

δ δλa
f

+
==

 
reach 5–8 % with 

the heat pulse duration in the range 17 < pulseτ  < 30 s. 

 
Conclusion 

 
Thus: 
1)  using the approach for choosing the optimal 

value of the dimensionless parameter γ, the rational 
construction size x of the middle plate in the sample of 
the studied material and the heat pulse duration pulseτ  

proposed in the article reduces the relative 
measurement errors of thermal diffusivity coefficient 
and heat conductivity from 10–12 to 4–5 %. 

2)  to achieve the minimum values of error 

RMSδ( )a  in measuring the thermal diffusivity 
coefficient a, a sample of the studied material with a 
plate thickness 4.0 5.0x≤ ≤  mm should be used and 
the experimental data should be processed at 
0.45 γ 0.48; < ≤   

3)  to ensure the minimum error values RMSδλ( )   
when measuring heat conductivity λ, it is required to 
use a sample with a thickness of the middle plate 
2.8 3.2x≤ ≤  mm, and to process the experimental 
data at 0.95 γ 1.0;< ≤  

4)  if it is necessary to simultaneously measure the 
thermal diffusivity coefficient a and heat conductivity 
λ in one experiment, then the thickness x of the middle 
plate of the sample from the studied material should be 
chosen from the range 3.5 4.0x≤ ≤  mm, that ensures 

the relative measurement errors RMSδ( )a  ≈ 5.9–6.7 %  

and RMSδλ( ) ≈ 5.0–6.0 %. 
Note that measuring the thermophysical 

properties of the studied material, the thermal 
diffusivity coefficient a and heat conductivity λ of 
which differ from those used in this article (in the 
source data of the above calculations), should be done 
as follows: 

1)  by conducting preliminary measurements it is 
necessary to experimentally determine the indicative 
values of the thermal diffusivity coefficient aindic and 
heat conductivity λindic of the studied material; 

2)  by analogy with the method described in the 
article above it is necessary to carry out calculations 
(with aindic and λindic values found) in order to 
determine (clarify) the optimal values of the parameter 
γопт and construction sizes opt

ax  and λ
optx  of the middle 

plate used to measure the thermal diffusivity 
coefficient a and heat conductivity λ; 

3)  by making samples with two middle plates 
with thickness opt

ax  and λ
optx , or with one middle plate 

with thickness ( )λ
opop o tt t p 2;ax x x+=  

4) by conducting a series of experiments (with 
fabricated samples) to carry out measurements and 
subsequent processing of the obtained data, and as a 
result to obtain the values of the desired thermal 
diffusivity coefficient a and heat conductivity λ of the 
studied material. 
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