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Abstract: The micro structural models for shear stress generation during rapid gravity flow of granular materials on a
rough chute are discussed. The mechanism of the shear stress formation, taking into account the tangential impulse formed
under transversal mass transfer of particles, is suggested. The analogy between granular media during rapid shear
deformation and dense gases is used to develop the suggested mechanism on the basis of kinetic theory. The total shear
stress is determined as the sum of the stress components induced by collisions, transversal mass transfer and contact
interactions of uniform cohesionless inelastic spherical particles. The mathematical models describing the components of
shear kinetic stresses are developed as the functions of particle properties, structural and kinematical gravity flow
characteristics. The equations of impulse and energy conservation in the course of rapid gravity flow of uniform
cohesionless particles are formulated. A variant of the formulation of boundary conditions at the flow bottom is proposed
for mathematical modeling of the dynamics of rapid gravity flows of granular materials on a rough chute. The variant
assumes the displacement of the area with the most intense shear rate inside the flow and into its layers adjacent to the
rough chute surface.
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AnHoTamusi: OOCyXIaroTcsi MHUKPOCTPYKTYpHBIE MOJENN T€HEPHUPOBAHUS CIBUIOBBIX HANPSDKEHUH TPH OBICTPOM
TPaBUTALIMOHHOM TEYEHHH 3EpPHHUCTBIX MaTepHaJOB Ha IIEPOXOBATOM cKare. V3maraercs MexaHHM3M TIe€HEpUpPOBaHHUS
C/IBUTOBOT'O HAIPSDKEHHUS, YYUTBHIBAIOIIMI TaHT€HIMAIbHBIE HUMIIYJIbCHI, (DOPMUPYEMBIE IOJI JEHCTBHEM IONEPEUHOrO
MaccornepeHoca yactull. [IpeaoxkeHHbIl MeXaHu3M 0a3upyeTcsi Ha aHAJIOTHK 3€PHUCTON Cpelibl PHU OBICTPOM CIBHIE U
IUTOTHBIM Ta30M M ONHCBIBAETCS C UCIIOJIb30BAHHEM OCHOBHBIX IOJIOXKEHHH MOJIEKYJISIPHO-KHHETHUEeCKOi Teopun. OOriee
HalpsDKeHHE C/IBUTA ONpeNeNsieTcsi KaK CyMMa €ro COCTaBIISIOIINX, OOYCIIOBJICHHBIX CTOJIKHOBEHHSIMH, ITOTIEPEYHBIM
MaccONepeHOCOM ¥ KOHTAKTHBIMHM B3aMMOJICHCTBHUSMH OJHOPOAHBIX HECBSI3HBIX HEINIAAKUX C(EpHYecKuX YacTHII.
Pa3pabareIBatoTCss MaTEMaTHYECKHUE MOJENH, OIMCHIBAIONINE KOMIIOHEHTHI CIBHUTOBBIX KWHETHUECKHX HANpPSDKEHUH Kak
(YHKIMM CBOIMCTB YacTHII, CTPYKTYPHBIX M KHHEMAaTHYECKNX XapaKTEPUCTUK TPABUTAMOHHOTO 1oToka. dopmynupyrorcs
YpaBHEHUsI COXPAHEHHSI UMITYJILCOB M SHEPTHH MPH OBICTPOM T'PABUTALMOHHOM T€UCHUH OAHOPOIHBIX HECBSI3HBIX YaCTHII.
ITpennaraercst BapuaHT (HOPMYITUPOBKH IPAHUYHBIX YCIOBUH y OCHOBAHUSI TOTOKA IIPU MATEMAaTHYECKOM MOJECIHPOBAHUN
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JMHAMHKH OBICTPBIX TPABUTAIIMOHHBIX TEUEHUH 36PHUCTHIX MaTEPUAJIOB HA LIEPOXOBATOM cKaTe. BapuaHT mpeanomnaraer
cMmelieHHe obiacTh ¢ Hambojiee MHTCHCHUBHOM CKOPOCTBIO CIBHIa BHYTPb IIOTOKAa, B €ro CJIOW, MPHIIETAoLINe

K IMOBEPXHOCTH CKaTa.

KaioueBble cioBa: 3epHuCTas cpena; OBICTpOE T'paBHTAIMOHHOE TEYEHHUE; CABHMIOBOE HAIPSHKEHUE; IONEPEUHBIN
MaccoIepeHoc; CKOPOCTh C/IBUTa; 00 beMHast OIS TBEPIOH (as3bl.

s uutupoBanus: Dolgunin VN, Ivanov OO, Akopyan SA. Transversal mass transfer and shear stress formation during
rapid gravity flow of a granular medium. Journal of Advanced Materials and Technologies. 2021;6(3):204-215. DOI:

10.17277/jamt.2021.03.pp.204-215
1. Introduction

One of the main objects studied in physics of
soft condensed matter is granular media [1, 2]. Such
attention to granular materials is explained not only
by the global nature of their distribution in the
environment and technological processes, but
also their pronounced mesoscopic properties.
The presence of such properties leads to the fact that,
depending on the scale of the object, the volume of its
constituent set of particles and the dynamic
conditions of their interaction, granular materials can
be in fundamentally different states and demonstrate
properties characteristic of a solid, non-Newtonian
liquid or gas.

The set of properties characteristic of the listed
phase states of substances can be observed, for
example, in the heap of a granular material on a
rough base under conditions limited only by gravity
action. Depending on the angle of inclination of the
rough base and the initial conditions, the behavior of
elements in the granular medium will exhibit a formal
analogy with a solid (at angles of inclination less than
the angle of internal friction), gas (at angles of
inclination greater than the angle of repose) or liquid
(at some intermediate values of the angle of
inclination).

The states of the granular medium, formally
similar to liquid or gas, appear during shear
movement of particles. Fundamental differences in
the properties of the shear flow of the granular
medium in liquid and gas states are in different
mechanisms of shear stress generation and the degree
of the dilatancy effect (increase in the volume
fraction of voids). At angles of inclination of a rough
base that exceed the angle of repose of the material,
shear flows are characterized by significant effects of
dilatancy, and shear stresses are generated mainly due
to the transmission of impact pulses through the shear
surface. In this case, the dependence of the dilatancy
on the shear rate is clearly manifested, and when
shear deformations disappear, the dilatancy decreases
abruptly. This kind of granular media flows,
accompanied by a relatively high rate of deformation,
is usually called [3, 4] rapid shear flows or, as in the
case under consideration, rapid gravity flows.

In shear flows at a low deformation rate stresses
are generated mainly under the influence of friction
forces arising on the shear surface during sliding and
rolling of particles relative to each other. In this case,
some moderate increase in dilatancy with an increase
in the shear rate is observed, but in contrast to the
rapid shear flow, with the disappearance of the shear
deformation, there is no abrupt decrease in dilatancy.
Due to the complex of the listed properties, shear
flows of granular media with a low deformation rate
are often called quasi-plastic.

Another characteristic difference between rapid
and quasi-plastic shear flows is the duration of
particle contacts during their interactions. Under
conditions of rapid shear, the contacts of the particles
are predominantly point-like and flowing rapidly,
while, during quasi-plastic shear, the contacts of the
particles are relatively long and in some way
distributed over their surface in the form of contact
lines.

The rapid shear flow of granular media along a
rough chute, the angle of inclination of which is close
to or slightly exceeds the angle of repose of the
material, is the most common case of the flow of
granular materials initiated by gravity action. Gravity
displacements of granular materials, accompanied by
rapid shear deformation, largely determine the
kinetics of a large number of natural phenomena
occurring on the FEarth surface (avalanches,
mudflows, rockfalls, sand expansion, underwater
currents of solid granular rocks). In technological
processes associated with the processing and use of a
dispersed solid phase (chemical and biocatalysis,
thermal and moisture treatment, drying, grinding,
granulation, mixing, separation, etc.), rapid shear
deformations create conditions for intensifying
transfer phenomena in working media. Intensive
transfer of energy, impulse and matter directly affects
the parameters of technological flows. Adequate
consideration of the transfer phenomena caused by
the interaction of particles during the rapid gravity
flow of granular materials is relevant for
technological processes and auxiliary operations of
dosing, loading and storage of various industries and
the agro-industrial complex.
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To predict transfer phenomena, it is necessary to
have detailed information on the structural and
kinematic parameters of gravity flows. Practice and
research results show that values of the solid phase
concentration and shear rate averaged over the flow
volume do not provide conditions for adequate
prediction of transfer phenomena in the
flow, including the distribution of nonuniform
particles [5-7].

Despite the apparent simplicity, the rapid shear
flow of granular media on a rough chute is
characterized by a set of parameters which create
serious obstacles to the mathematical modeling of the
flow dynamics (velocity profiles and distribution of
solid phase concentration) [8]. For example, the
problem of determining the boundary conditions and
specifying the mechanism for generating shear
stresses, especially in conditions of thin-layer gravity
flows, is still relevant. According to the authors of
this article [8], the formulation of the boundary
condition at the surface of a rough chute should be
closely related to the mathematical description of the
mechanism for generating shear stresses within the
flow, and take into account the specifics of the
mechanism under conditions of edge effects.

Significant progress in the mathematical
description of the dynamics of such flows could be
provided by reliable experimental information on the
microstructural and kinematic parameters of the flow.
However, obtaining detailed experimental
information on the local values of the structural and
kinematic parameters of rapid gravity flows is limited
by the extremely high response of the flow to internal
probing [8, 9].

Rapid gravity flows of granular materials are the
object of experimental and theoretical research in a
large number of works, for example [3-5, 10-13].
At the same time, in many works, for example [6,8],
it is indicated that, despite the great attention to the
research object, a set of constitutive relations is
insufficient for the development of a general model
of the dynamics of rapid gravity flows.
The constitutive relations providing the ability to
predict shear and normal stresses in the gravity flow
are of paramount importance. However, there is still a
high degree of uncertainty in the formulation of this
kind of constitutive relations. The problem of their
formulation is explained by the complexity of
determining the characteristics of the dynamic
contact of particles, the kinetic energy of their chaotic
movements, transverse mass transfer and rotation as a
function of the angle and collision velocity of
particles under certain hydrodynamic conditions of
their contact (shear rate and solid volume fraction).

A large number of works [3, 10—12] are devoted
to the formulation and analysis of constitutive
relations for shear stresses during rapid shear
deformations of granular materials. The methodological
approaches used in the works for the formulation of
constitutive relations can be conditionally divided
into two groups: based on continual and
microstructural theories [14]. In the general case, in
accordance with the continual theories, shear stresses
are expressed as the sum of two components:
dependent and independent of the shear rate [10].

The stress component, independent of the shear
rate, determines the conditions for the existence of
the flow. This component establishes the relationship
between shear and normal stress, thereby revealing a
formal agreement with the Coulomb-Mohr theory.
The stress component, which depends on the shear
rate, reflects the dependence of the magnitude of the
shear and normal stresses on the deformation rate.

The development of the continual approach for
describing the dynamics of the rapid gravity flow is
carried out by refining the constitutive relations for
calculating the stress components. The main
problems of wusing continual theories are the
complexity of expressing the dependence of both
stress components on the volume fraction of the solid
particles, determining the physically justified range of
chute angle values in which the regime of steady-
state rapid shear flow is achieved, and identifying the
dependence of shear and normal stresses on the shear
deformation rate. To solve the complex of the listed
problems of the continual theories, experimental data
and analysis results of the shear flow regularities
using microstructural theories, for example, methods
of statistical mechanics [3, 10, 15, 16], are widely
used.

In accordance with the continual theories, such
stresses are taken into account by their component,
which depends on the deformation rate. Special
attention to the mentioned mechanism of stress
formation is explained by its dominant value in the
regime of the developed rapid gravity flow of
cohesionless  granular materials. The  stress
component independent of the shear rate dominates at
relatively low deformation rates and a high volume
fraction of the solid particles (quasi-plastic flows),
while, at alternative flow parameters, the dominant
role in the stress formation passes to the component
that depends on the deformation rate.

As for microstructural theories, the pioneering
work that gave the initial impetus to research in this
direction was the work of Bagnold published in 1954
[17]. Experimental and theoretical studies carried out
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in the framework of this work allowed the author to
detect the presence of the so-called “dispersion”
pressure in the rapid shear flow of solid particles
suspended in a liquid. The corresponding pressure is
due to the presence of inertia in the colliding particles
in the shear flow and the generation of the flow of
impact pulses through the shear surface. Analyzing
the impulse transfer process between particles of two
adjacent layers interacting with each other through
the shear surface, the author came to the conclusion
that both normal and shear stresses in the rapid shear
flow were proportional to the square of the shear rate.
The quadratic dependence of the stress on the shear
rate is explained by the fact that its values are
proportional to the value of the pulse flow, which is
determined by their frequency and the value of a
single pulse. In particular, for the case of a two-
dimensional shear flow in the Cartesian coordinate
system x (in the shear direction) and y (the direction
of the normal to the shear surface), the shear stress

Tyx is determined by the following expression

T = P SAME (1)

where p) is the number of particles per unit area of
the shear surface, the normal to which has the y-
direction; fis the frequency of collisions of a particle
with particles of an adjacent layer; AM is the
component of a single impact impulse in the shear
direction x.

Due to the linear dependence of the modulus and
frequency of pulses in expression (1) on the shear
rate, the flux of pulses, and accordingly the stress, in
the shear flow of particles are presented [17] as
functions depending on the second degree of the
shear rate. Thus, according to Bagnold [17], the
stresses generated in the rapid shear flow of particles
are determined by their size, mass, concentration in
the flow, restitution coefficient in a binary collision,
and shear rate. This follows from the author’s
assumption about the dominant role of the
translational component of the particle displacement
velocity in the shear direction. However, the real
mechanism of particle interaction in the rapid shear
flow turns out to be more complicated. Under the
conditions of a shear flow, the colliding particles, in
addition to their averaged translational wvelocity,
acquire fluctuation velocity randomly distributed in
space in translational displacements and rotations,
and are also involved in transverse mass transfer.

Obviously, these features in the nature of mutual
displacements of particles significantly affect the
mechanism of stress generation in the rapid shear

flow. Fluctuations of particles are obviously reflected
in the frequency of pulses transmitted through the
shear surface. In the presence of transverse mass
transfer, the probable trajectories of the particle
movement in the rapid shear flow of the uniform
granular material will fundamentally differ from the
ideal rectilinear trajectories of the translational
movement of particles. The additional transverse
impulses arising as a result of transverse mass
transfer will lead to the generation of an additional
component of stresses in the shear flow.

This article discusses the results of theoretical
studies of the generation mechanisms of kinetic shear
stresses in the rapid gravity flow of cohesionless
inelastic spherical particles caused by impulse
transfer through the shear surface.

2. Microstructural methods
for describing shear stresses in the rapid
shear flow of the granular medium

Taking into account the characteristic features of
rapid gravity flows, the authors of [10, 15, 16]
proposed a defining relation for the component of the
stress tensor depending on the shear rate using the
methods of statistical physics (mechanics) in relation
to the shear flow of smooth inelastic spherical
particles of uniform size. According to the proposed
relation, the stress is determined taking into account
the size, density, and restitution coefficient in binary
collisions of particles. In this case, the function of the
anisotropic distribution of particles in collision,
known from the results of numerical modeling, is
used, the only argument of which is the volume
fraction of the solid particles. The influence of
particle fluctuations on the stress generation is carried
out according to the specific kinetic energy of
fluctuations (temperature of the granular medium)
and its dissipation during collisions. As a result, the
dependence of stresses on the shear rate is expressed
in the constitutive relation in an implicit form, since it
is reflected in the form of the dependence of the
specific values of the kinetic energy of fluctuations
and its dissipation on the gradients of the granular
medium flow velocity.

A detailed analysis of the predictive properties
of the above microstructural model of stress
generation was carried out in [3] by the method of
computer simulation. Despite the obvious advantages
of the model consisting in its simplicity and the
possibility of taking into account the relationship
between the structural, kinematic and dynamic
characteristics of the flow without using empirical
fitting coefficients, the authors of the work note its
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limited predictive potential. Problems arise when
using the theory to describe the complex profiles of
flow characteristics observed in practice in gravity
flows, for example, the volume fraction of the solid
phase with its maximum values in the central part of
the flow. In addition, the proposed constitutive
relations for expressing the stress tensor are
characterized by insufficiently high predictive power
in relation to the formulation of the boundary
condition at the interface between the flow and the
rough chute. At the same time, an extremely high
sensitivity of the calculated values of the flow
parameters to the formulation of the boundary
conditions is noted.

Adequate modeling requires experimental
determination of the distribution function of the solid
phase fraction in the near-boundary flow zone for
each specific version of the boundary conditions
formulation, which is an extremely difficult task.
In this regard, there is an urgent need for a theoretical
model that predicts the structural characteristics of
the gravity flow in its area bordering on a rough
bottom.

In addition to the noted shortcomings of the
microstructural theory [10], one should also point out
the limited consideration of the particle properties
(smooth particles) and, largely due to this, the lack of
attention to the effects of their interaction, as a result
of which particles acquire components of fluctuations
leading to their rotation and transverse mass transfer.
It is obvious that the flow of the corresponding
constituent impulse during the interaction of particles
in the process of shear deformation of the granular
medium under certain conditions can have effects that
significantly determine the dynamics of the shear
flow.

The authors of [18] carried out a statistical
analysis of the particle interaction under rapid shear
deformation and came to the conclusion that the
interaction should be accompanied not only by
chaotic fluctuations, but also by transverse mass
transfer of particles. The most important
characteristic of the dynamic interaction of particles
participating in the impulse transfer through the shear
surface in the process of rapid shear deformation is
the collision angle which determines the relationship
between the shear and normal components of the
transferred impulse. Taking this into account, the
authors make a logical conclusion that transverse
mass transfer should lead to an increase in the
uniformity of the distribution of contact points over
the surface of interacting particles. Assuming the
decisive role of transverse mass transfer in the
mechanism of stress generation, they come to the

conclusion about the distribution of contact points in
collisions associated with the impulse transfer
through the shear surface within the solid angle
corresponding to half of the sphere. The consequence
of this conclusion is the equality of the total
frequency of collisions of particles to the doubled
value of the frequency of their collisions, which
generate stresses on the shear surface. More
important in relation to the flow dynamics is the
absence of a dependence of the collision angle of
particles on the relative volume fraction of the solid
particles.

The certainty introduced in this way into the
conditions of contact of particles allowed the authors
to obtain the constitutive relations for calculating the
shear stresses during the rapid shear flow of the
granular medium. In this case, the authors used the
Routh tangent impact hypothesis for cohesionless
nonelastic spherical particles and expressed stresses
based on their relationship with the energy flows
generated by shear deformation, kinetic energy of
fluctuations, and viscous and elastic dissipation
energy. For a two-dimensional steady-state rapid
gravity flow in the x direction in the absence of
turbulent pulsations, the corresponding energy
balance equation is presented in the following form

T;?cl(dux /dy): Yeol = NFDcol ’ (2)

where v, 1s specific energy dissipation during

fluctuations and collisions of particles per unit
volume of the layer; N is the number of particles per
unit volume of the layer; D is specific dissipation
of the kinetic energy of the particle per collision; F is
particle collision frequency.

When calculating the kinetic energy of particle
fluctuations and dissipation, it was assumed that their
rotational energy is negligibly small compared to the
energy of relative shear displacements and
fluctuations [18]. Specific energy dissipation per one
collision of a cohesionless spherical particle, which is
due to the viscous friction in an interstitial medium
and elastic collisions, is expressed in the following
form

Deoy = prd* 1120V P(1.5Cpsp, f(pd)+e),  (3)

where d is the particle diameter; s is the average
distance between particles; Cj, is the coefficient of
hydraulic resistance equal to 1 under conditions of
rapid shear flow; p,p, is the density of particles and

interstitial medium, respectively; V'is average
velocity of particle fluctuations; e is the fraction of
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the kinetic energy of the particle which is dissipated
due to elastic dissipation upon impact.

The fraction of energy dissipation due to
elasticity and friction effects is calculated in
accordance with the Routh tangent impact hypothesis
as a function of the recovery coefficients & and
external surface friction p in the collision of particles
[18]

e=(1-k2)a+pu(+k)/m+ 20+ k24, (4a)

However, the research carried out in the
framework of [19] indicate that the hypothesis of the
Routh tangent impact in cases of particle collision at
collision angles close to frontal impact is not
correctly used. As a result of the study, it was found
that in this case it is more reasonable to use the
hypothesis of Newton oblique impact which uses the
coefficient of its reduction A to predict the post-
impact value of the tangential velocity component.
In this regard, a combined tangent impact hypothesis
is proposed in [19] combining the advantages of the
Routh and Newton hypotheses according to which the
fraction of kinetic energy dissipation due to elasticity
and friction effects is calculated as

1o
e=(1-K2 )+ —n——p2(1+k) -
28

1, 2 2
—22+ Sp( k)~ (1 k), (4b)
8 T 3n

When calculating the shear stresses t,,, the

authors of [18] used dependence (1) according to
which stresses are generated exclusively due to the
transfer through the shear surface of the tangential
component of the impulse AM . The magnitude of

this impulse component is determined as its average
integral value with an isotropic distribution of contact
points on the surface of colliding particles within the
solid angle corresponding to half of the sphere as a
function of the shear rate and the average distance
between the centers of particles in contact through the
shear surface.

The certainty in the conditions of particle
contact, introduced by the authors as a result of
assumptions, allowed them to write the constitutive

relations between the velocity of fluctuations V', the

frequency of particle collisions across the shear
surface (generating a shear stress) f, and the total
collision frequency F in the following form:

V=F:
F=2f

(5a)
(5b)

Using the obtained relations (1)—(5), the authors
of [18] expressed the velocity of fluctuations and the
frequency of particle collisions, as well as formulated
an expression for calculating the shear stress caused
by the transfer of tangential impulse by colliding
particles through the shear surface

col 2 8l/lx ’ d
Ty = Vopd —X
oy ) 2s

d/s 1/2

1+d/s

(1+k)°[(0.125 +0.144p)B +(0.053 +0.81p)

D,

col

(6)
where v, is the volume fraction of the solid phase at
the densest packing of particles;  is the coefficient

that depends on the elastic properties of particles and
their volume fraction in the flow (for a developed
rapid shear flow B ~1 [10, 15]).

However, it should be noted that this remarkable
result became possible due to the assumption of
invariant conditions of impact contact interactions of
particles. Assuming the decisive role of transverse
mass transfer in the formation of conditions for the
interaction of particles, the authors of [18] considered
it possible to admit an isotropic distribution of the
collision angles of particles in the entire range of its
maximum possible values, regardless of the volume
fraction of the solid particles and the shear rate in the
flow. This assumption contradicts the results of
studies [20, 21] carried out by the method of
computer simulation which reveal an anisotropic
(close to normal) distribution of particle collision
angles in a rapid shear flow with the presence of
some of their characteristic values with their explicit
dependence on the volume fraction of the solid
particles.

Hereinafter, we mean the angle 0 between the
shear direction and the normal to the particle surface
at the point of contact as the particle collision angle.
In this case, contact interactions are taken into
account, where the impact impulse transfers a certain

momentum in the shear direction AM ' .

The analysis carried out in the work [22], under
the assumption of the normal distribution of the
collision angles of uniform spherical particles
interacting through the shear surface, made it possible
to obtain an expression for calculating the most
probable value of their collision angle
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6 05 {d%—s} 05 { 2s }
=n—0.5 arccos)] —— |- 0.5 arccos| ——— |.
V3d V3(d +s)
(7

The analysis shows that for any volume fraction
of the solid particles, the minimum value of the
particle collision angle is equal to w/2, and its
maximum possible value depends on the volume
fraction of the solid particles and does not exceed .
In accordance with expression (7) and the results of
computer simulation carried out with transverse mass
transfer of uniform particles [20], the characteristic
(most probable) value of the collision angle increases
with a decrease in the linear concentration of particles
d/s (volume fraction of the solid phase). In this case,
the angle value varies from 115° for cases of high
concentration of spherical particles, and to 135° for
cases of high volume fraction of voids corresponding
to linear concentration of d/s <1.85, which is
identical to the volume fraction values of the solid
particles v <0.25.

Thus, in the range of values of the solid phase
concentration, characteristic of the rapid gravity flow
of granular materials (v <0.5), there is a significant
change in the particle collision angle during the
impulse transfer through the shear surface.
Consequently, the hypothesis of an invariant isotropic
distribution of contact interactions over the particle
surface adopted in [18] is completely correct only for
sufficiently small values of the volume fraction of the
solid particles v <0.25.

In connection with the above, the relationship
between the frequencies f and F included in the
constitutive relations (1) and (2) established by the
authors in [18] in the form of dependence (5b) is
fulfilled only at low wvalues of the solid phase
concentration (v<0.25). It can be assumed that at
high volume fraction of the solid phase (v > 0.25),
the frequency ratio f/ F will be identical to the ratio of
the particle surface area, on which contact
interactions between particles are accompanied by the
generation of shear stresses, to the total particle
surface area. Based on this hypothesis, the
relationship between the indicated frequencies can be
represented as follows

f=F(1-sin0)/2, )

where 6 is the maximum possible value of the
particle collision angle participating in the transfer of
tangential impulse at a certain concentration of the
solid particles (d/s). In accordance with expression

(7), the dependence for 0 determination can be
written in the following formulation

cz’-hv}Jr I: 2s }n ©
arccos| ——— |—.
V3d x/g(d+s) 2

The average integral value of the tangential
component of the impulse caused by the action of
friction forces and shock impulses over the surface of
the contacting particles is calculated depending on the
value of the characteristic angle of particle collision
(7), which is a function of the volume fraction of the
solid phase [22],

0 = arccos{

AM ' = 8,
T, | 1+cos6
x| —cos“ 0+ | cosO+—sin” Oln , (10)
2 2 1-cos0

where 0=0"—n/2; S,=nd>/6p(1+k)bd(ou,/dv)
is the impulse of a frontal impact for uniform
spherical particles, due to the relative shear

component of their rate bd(du, /dy); b=(n/(6v))"*

is a geometric parameter which is a function of the
volume fraction of the solid particles v.

Taking into account relations (1), (2), (5a), (8),
(10), the frequency of particle collisions participating
in the transfer of tangential impulse through the shear
surface can be determined as the following
dependence on the shear rate and volume fraction of
the solid particles

1—-sin®' T o, L
f= (1+k) —cos”™ 0+ p| cosO +—sin” 0 x
2 2 2

1/2
1+cos6 bd(0u, /0
xh{ m /DM} b (0u, |oy)
1-cosH s

For known values of the collision frequency
(11), the average integral value of the tangential
component of the impact impulse (10) and the
number of particles per unit area of the shear surface,
the normal to which has the y-direction:

Dy = (ba’)_2 , the shear stresses are determined in

(In

accordance with the constitutive relation (1) by
multiplying the mentioned values.

' = (bd )2 fAM

»

(12)

Thus, both in the previous [18] and in the last
[22] formulation of constitutive relations for shear
stresses, the hypothesis put forward by Bagnold [17]
about the proportionality of the tangential component
stresses of the impact impulse transmitted through the
shear surface is taken as the basic theory.
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The fundamental difference between these options
lies in the fact that in the previous version the authors
derived relations under the assumption of the decisive
role of transverse mass transfer of particles, as a
result of which it became possible to assume an
isotropic distribution of contact points over their
surface. This position contradicts the results of
studies [20, 23], which indicate the presence of the
characteristic value of the particle collision angle
generating shear stresses and its significant
dependence on the volume fraction of the solid
particles. This is a serious disadvantage of this
version, which complicates an adequate assessment
of the influence of the structural characteristics of the
flow on the dynamic angle of internal friction
(the ratio of shear and normal stresses).

In the latter version [22], the constitutive
relations take into account the anisotropic distribution
of contact points on the surface of interacting
particles and allow determining the characteristic
values of the collision angle depending on the
structural characteristics of the flow. The most
fundamental difference of this version from the
previous one is the complete disregard for the
influence of transverse mass transfer on the stress
generation mechanism, which, obviously, is its
serious drawback.

3. Results and discussion

The contribution of transverse mass transfer to
generating shear stresses in the rapid gravity flow of
incoherent nonelastic nonsmooth spherical particles
can be estimated based on the formal analogy of the
rapid shear flow of particles with a dense gas.
The existence of the analogy is confirmed by
numerous studies [1, 2, 4, 11, 12-14, 24], which
made it possible to identify a granular medium in a
state of rapid shear deformation as a “gas of solid
particles” and successfully apply a well-developed
molecular kinetic theory to describe its states and
observed physical effects [4].

In terms of the problem of identifying shear
stresses, the most important physical phenomena
taking place in a dense gas are viscosity, diffusion,
and permeability. These phenomena are important to
the extent that each of them reflects the tendency of
the medium to transfer its individual elements in a
direction transverse to the direction of shear
deformation. The higher the permeability of the
medium, the more intense the self-diffusion flow and
the higher the contribution of the transverse impulses
of particles moving between adjacent elementary
layers of the shear flow to the change in the
longitudinal component of the layer-by-layer

impulse. In accordance with the molecular kinetic
theory, the permeability of a medium is characterized
by the mean free path of particles. According to the
research results presented in [19, 25, 26], under
conditions of the rapid gravity flow of granular
materials, the mean free path of particles can be taken
equal to the average distance between particles s.
This is due to the dominance of the relative shear
velocity of particles over the average rate of their

fluctuations (bd (Qu, /dy) == V).

Another parameter that directly determines the
tendency of the medium to self-penetration is the rate
of fluctuations of its elementary particles.
The physical quantity proportional to the free path of
particles and the average rate of their fluctuations is
called the diffusion coefficient, which, in the case of
a uniform granular medium, characterizes the
intensity of balanced counter flows of chaotically
moving particles (quasi-diffusion mixing). Thus, the
diffusion coefficient can formally be considered as an
abstract characteristic of the medium permeability
[27] which determines the intensity of transverse
mass transfer.

As a result of transverse mass transfer in the
granular medium in the shear flow state, a viscous
effect, the magnitude of which will be proportional to
the medium permeability and the impulse associated
with the shear direction, will arise. Since the
magnitude of the impulse is proportional to the shear
rate and bulk density of the medium, and the change
in the impulse is equal to the impulse of the force, the
shear stresses in the granular medium due to
transverse mass transfer will be determined in
accordance with the molecular kinetic theory as the
product of permeability and bulk density and shear
rate. For the case of a two-dimensional steady-state
shear flow, the transverse mass transfer is limited by
counter fluxes of particles in the direction normal to
the flat shear surface, which is taken into account in
the constitutive relation for calculating the shear
stress ~ component by  the  corresponding
proportionality coefficient 1/3

Ty =1/ 3vpsV (0u, /o) = uy(Qu, /0y),  (13)

where . is the coefficient of viscous friction due to

transverse mass transfer during shear deformation of
the granular medium.

Thus, in accordance with the proposed approach,
shear stresses in the rapid gravity flow of the granular
material will be formed as a result of the conjugation
of their two components. One of the components of
the dynamic stress, which depends on the shear rate,
will be generated as a result of the exchange of
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tangential impact impulses between the particles
interacting through the shear surface r;fcl. Another

component is due to a change in the longitudinal
impulse due to transverse mass transfer in the shear
flow of particles accumulating different momentum

rtyrx . As a result, shear stresses will be determined as

the following sum

— col tr
Ty = Tox T

(14)

Obviously, to initiate the flow of quasi-diffusion
mixing and, as a consequence, transverse mass
transfer, a constant supply of energy is required,
which is provided due to the gravitational shear of the
granular medium on a rough chute. The intensity of
the corresponding energy flux is proportional to the
shear deformation rate and the tangential stress

t
component t.  generated by transverse mass

X
transfer
Atr = Tgx (aux /ay) (15)
This energy is spent on overcoming the

resistance of the granular medium to its transverse
penetration by individual particles moving from one
elementary layer of the shear flow to another.
The viscous resistance to the movement of a sphere in
the granular medium in accordance with the
molecular kinetic theory is expressed by the
following relationship [28]

Ptr :3ndutr Vtr’ (16)

where V,,

rate during transverse mass transfer, which, in the
first approximation, can be taken equal to the
averaged particle fluctuation velocity.

In this case, the energy dissipation flux per unit
volume of the granular medium due to pseudo-
viscous effects in transverse mass transfer of
particles, neglecting the effect of viscous dissipation
in the interstitial medium, will be defined as

is an averaged component of the particle

Yo = NBV,, = NudvpsV V. (17)

It is obvious that the value of the total energy
dissipation flux during the rapid shear flow of the
granular medium can be expressed by summing the
fluxes of energy dissipation in inelastic collisions of
nonsmooth particles, viscous dissipation during their
fluctuations in an interstitial medium, and penetration
of the shear flow during transverse mass transfer.
The total flux of the mentioned components of energy

dissipation can be represented as the sum of fluxes
(2) and (17)

Y:Ycol+Ytr:NFDCOI—FNndeSV'Vtrz' (18)

Before proceeding with the formulation of the
equations for impulse and energy conservation, we
should introduce the concept of the temperature of
the granular medium (granular temperature) £ which
means the total kinetic energy of the main forms of
mutual displacements of particles per unit volume of
the flow. Neglecting the energy of the proper
rotations of particles, which is quite acceptable for
the rapid shear flow of cohesionless granular
materials [29], we express the temperature of the
granular medium as

E=Eg+Eq+E,, (19)

where Eg ,Eq,E, are components of the kinetic

energy of particles due to the presence of the relative
shear velocity, fluctuations and transverse mass
transfer, respectively.

The impulse conservation equation is obtained
by analyzing the dynamic equilibrium of an
elementary volume of the granular medium arbitrarily
selected in the flow. For a two-dimensional rapid
gravity flow, taking into account inertial forces, shear
stresses and gravity action, the following form can be
obtained

Ou ou, Ou,, op )
vp| —tu,—+u,— |= pgy, —tvpgsina, (20)
ot Ox oy oy

where p is lithostatic pressure; gy, is an angle of

internal dynamic friction equal to the ratio of shear

stress to normal, from which it follows:
_ _.C col tr . _c¢
HaynP = Ty = Tp 7Ty TTy5 T, are contact shear

stresses independent of the shear rate [10]; o is an
angle of inclination of the rough chute to the horizon.

The energy conservation equation determines the
balance of energy fluxes in relation to the elementary
volume of the rapid gravity flow of the granular
medium. Taking into account energy fluxes
associated with a change in the temperature of the
granular medium, the energy generated by the shear
and energy dissipation due to the effects of elasticity,
friction, viscosity of the interstitial medium and
transverse mass transfer, the following form can be
obtained for a two-dimensional gravity flow

0E  0E  OE ou,
+ux_+uy_:udynp Yool ~Ytr-
ot ox Oy oy

@2y
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When formulating the problems of the dynamics
of rapid gravity flows, a special problem consists in
the adequate determination of the conditions at the
rough bottom and at the open surface of the flow, i.e.
at y=0,h, respectively. As for the boundary

condition at the open surface of the flow, in this case
the conditions that determine the absence of mass,
impulse and energy fluxes through the mentioned
boundary seem to be quite adequate [3]

Oou Ou OE

vp—y=vpuy—y=uy—=0. (22)
oy

Another problem is the formulation of the
boundary condition at the bottom of the flow with a
rough base. It has been found that this condition
fundamentally affects the dynamics of the velocity
fields and the volume fraction of the solid particles in
the gravity flow [3]. In order to achieve the required
accuracy of its formulation, it is advisable to follow
principles similar to those used to derive the
equations of flow dynamics. Assuming the size of the
bottom roughness and their shape to be identical to
half of the volume of spherical particles, we can
accept zero conditions for the sliding rate, i.e. at
y=0,u,=0.

However, in accordance with the principles used
to derive the equations for impulse and energy
conservation, the boundary condition must reflect the
specificity of shear stresses generation in the
boundary zone immediately adjacent to the surface of
the rough chute within the layer thickness equal to
bd. The specific conditions for generating stresses in
this zone are related to the fact that their pseudo-

viscous component, due to transverse mass transfer

tr
Tyx’

manifests itself as a result of a predominantly
one-way exchange of particles with the upper part of
the flow. Such conditions will cause a two-fold
decrease in the pseudo-viscous component of the

stress in the mentioned boundary flow zone, i.e.:

tr 'aux
Ty =1/ 6vpsV —,at 0<y<bd.
oy

(23)

Obviously, under this condition, dynamic
equilibrium in the flow will be achieved in the
boundary zone due to an increase in the shear rate
and a decrease in the volume fraction of the solid
phase, which is confirmed by the results of
experimental studies [2, 3, 25, 26].

4. Conclusion

A mathematical model of kinetic shear stresses
in the rapid shear gravity flow of the uniform
granular medium is proposed, according to which
stresses are generated due to the transfer of tangential
impulses through the shear surface by two different
mechanisms. One of the mechanisms provides the
impulse transfer due to the impact interactions of
particles, taking into account the conditions of their
contact which depend on the volume fraction of the
solid particles. In accordance with the second
mechanism, the tangential impulse is transmitted as a
result of the transverse quasi-diffusion transfer of
particles. The mathematical model describing the
mentioned mechanisms makes it possible to
determine the magnitude of kinetic shear stresses in
the rapid gravity flow of uniform cohesionless
spherical particles depending on their properties, as
well as structural and kinematic parameters of the
flow. As part of further research, it is planned to test
the prognostic properties of the proposed
mathematical model using computer and physical
modeling methods.
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