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AnHoTanmsi. Vccnemyercs akTyanbHas mpoOiieMa MaTeMaTHYECKOTO MOJEIUPOBAHHUS TPOIECCOB  IKCTPAKIUN
pacTUTENBHOTO MaTepuana, rjae NIyOOKoe MOHMMaHHEe M aHalu3 [JaHHBIX MPOLECCOB HMEIOT BAKHOE 3HAUCHHE
B Pa3IMYHBIX OTPACIIAX MPOMBIIIIEHHOCTH, BKIIOUYasl MHUIIEBYIO, (hapMalleBTHUYECKYI0 1 XUMHYECKY0. Y CTAHOBIIEHO, YTO
n3ydaemas MaTeMaThdecKas MOJETh NPEACTAaBIsIeT COOON YacTHBIM ciydail Oomee oOmiel yHHBEpCaIbHON MOIEIH,
OMNHUCBHIBAIOLIEH TETJIOMACCONIEPEHOC B CHCTEME KANMUIAPHO-IOPUCTOE TENO — JKUAKOCTh. PelieHne KpaeBod 3amadd,
MOJy4YeHHOE B PaboTe C HCIOJIb30BAHUEM SKCIIOHEHIMANbHBIX CpeqHHuX psaa Pypbe, OCHOBAaHHBIX Ha HENPEPHIBHOW
NEepUOANYecKOrd (YHKIMHU, BBISIBISET CBOWCTBA M aNlPOKCUMAIMOHHBIE BO3MOXXHOCTH dTOi Mojaenu. Teopema
0 CXOAMMOCTH MOJIETH K (PU3MYECKON CHCTEMe, OMMCHIBAIOIIEH IPOIECcChl SKCTPAKINKM PACTUTEIBHOIO Marepuaia, Mmpu
ONpPENEICHHBIX YCIOBUSIX MOATBEPKAAET €€ JOCTOBEPHOCTh U HMPUMEHHMOCTb. [IpoaHamu3upoBaHbl BONPOCHI
CYMMHPYEMOCTH TPUIOHOMETPUYECKUX PSJIOB B METPHKE COOTBETCTBYIOLIETO (DYHKIMOHAIBHOTO IIPOCTPAHCTBA.
ITpoBeneHHOe McciIenoBaHNe TIPEIOCTaBIsAeT (PyHIAMEHTAIBHOE HaAy9HOE OITMCAaHNE MAaTEeMaTHIEeCKOW MOJIEIH TPOIIECCOB
SKCTPAKINHU PACTUTEIHHOTO MaTephaia M MOAPOOHBIA aHAJM3 e€e CBOWCTB, OTKPBIBAS HOBBIE TOPH30HTHI AL PA3BUTHS
JTaHHOW oOnactu wuccnenoBaHuil. IlpencraBieHHbIE pe3yibTaThl OyAyT IOJIE3HBI IS CHENHAINCTOB B 00NACTAX,
CBSI3aHHBIX C OKCTPAKLHUEH, a TaKXKe IS TeX, KTO 3aHMMAaeTCsl pa3pabOTKON HOBBIX METOJOB ONTHMHU3AIUU M KOHTPOJIS
MPOLIECCOB SKCTPAKIIUU PACTUTEIBHOTO MaTepHaa.
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1. Introduction

Over the past decades, the extraction of plant
raw materials has become one of the most promising
and actively researched areas in the chemical and
biochemical industries. This is due to the growing
interest in natural ingredients, which are widely used
in various industries, including the food, cosmetics,
pharmaceutical, and fragrance industries.

Biologically active substances isolated during
the extraction of plant raw materials, such as
flavonoids, terpenoids, phenols, and others, are
characterized by a variety of pharmacological and
biological properties that are used to create new
medicines, functional foods, aromatic and cosmetic
products.

To extract biologically active substances from
plant components, it is necessary to carry out
effective and environmentally safe extraction
processes. Traditional extraction methods
(percolation, maceration, and extraction using organic
solvents) have a number of disadvantages, including:

—a low extraction rate; long time required to
obtain a high-quality extract, which makes it difficult
to scale up the process and reduces its efficiency;

— the use of high temperatures, which can lead to
the destruction of thermolabile components being
extracted;

—unevenness and incompleteness of the
extraction of active components from plant material;

—an increased risk of product contamination
with residual solvents.

These disadvantages have sparked researchers'
interest in developing new and improved extraction
methods that are highly efficient, economical, and
environmentally friendly. Among them, it is worth
noting the use of high pressures and temperatures,
ultrasonic ~ extraction, = microwave  extraction,
extraction using supercritical solvents, and other
processes that have great potential for improving the
extraction of plant raw materials.

Mass transfer processes in solid-phase systems
(extraction) are widely used across various industries,
including chemical, food, textile, pulp and paper,
pharmaceutical, and other sectors. These processes
are highly resource- and energy-intensive, making
improvements to equipment and technological design
a pressing issue.

Mathematical modeling of mass transfer
processes in solid-phase systems based on solving
differential equations of mass and heat transfer is
currently being actively developed around the world.
Mathematical methods for describing Kkinetics
(analytical and numerical) are now widely used not
only for the kinetic calculation of equipment, but also
for computer modeling of processes in order to select
the correct equipment and technological design.

Research in the field of modeling plant raw
material ~ extraction  processes is  becoming
increasingly important, as it allows the optimization
of process parameters and conditions to achieve
maximum efficiency and reduce costs. Modeling can
be used to analyze the influence of various factors,
such as solvent type, temperature, pressure, and
stirring speed, on the output characteristics of the
extraction process.

It is also important to consider the influence of
the micro- and macrostructure of plant material on
the extraction process. In this regard modeling mass
transfer processes within the material allows for
a more accurate description of extraction processes
and prediction of their results.

Achievements in the field of modeling the
extraction process of plant raw materials include the
development of mathematical models based on mass
and heat transfer, as well as chemical kinetics. Some
of these models take into account mass transfer
between phases (solvent and plant materials), as well
as the physical and chemical properties of
components, including diffusion coefficients,
equilibrium concentrations, and extraction reaction
rates.

Various materials are used in the modeling of
the plant material extraction process, including
different types of extractors (e.g., with static or
dynamic mixing), special installations, and devices
for measuring the physical and chemical properties of
components. Modern software packages such as
COMSOL, Aspen Plus, ANSYS Fluent, and others
are used for numerical calculations. These programs
allow modeling complex processes taking into
account various physical phenomena such as mass
transfer, heat transfer, and multiphase flows.

Among the new modern methods of analytical
and numerical solution used in the field of modeling
the extraction process of plant raw materials,
optimization methods such as genetic algorithms,
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artificial intelligence methods, neural networks, and
multi-frequency modeling can be distinguished. Such
methods can significantly improve the accuracy and
efficiency of the extraction process modeling.

However, there are still many aspects of the
modeling of the plant raw material extraction process
that remain unexplored. Of particular interest is the
study of the interaction of various plant materials
with different solvents. In addition, it is necessary to
take into account changes in the properties of plant
raw materials during the extraction process, such as
changes in the concentration and physicochemical
properties of the components.

Current trends in the development of
mathematical modeling of plant raw material extraction
processes are reflected in numerous scientific studies
by domestic and foreign authors [1-18].

In this regard, the use of Fourier series is
becoming a relevant and promising approach to the
analysis and modeling of plant raw material
extraction processes.

Fourier series are a mathematical tool that allows
(under certain conditions) the periodic function of an
information source to be decomposed into an infinite
sum of harmonic functions. This approach is widely
used in various fields of science and technology,
including physics, electrical engineering, signal
theory, image and sound processing. In the context of
modeling plant raw material extraction processes,
Fourier series provide the ability to describe heat and
mass transfer in a capillary-porous body-liquid
system.

2. Materials and Methods

2.1. Formulation and solution
of the boundary value problem

Let us consider one of the possible models of the
extraction process. Let there be an extractant in
a certain medium filling a hollow straight tube of
length /, the distribution of which is described by
a one-dimensional concentration field, i.e. a function
of coordinates and time u =u(x,¢). Assume that at

any time ¢, the extractant concentration is uniform
over the tube cross-section x. We consider only the
cases with constant diffusion coefficients D and
porosity c. Sources of the substance with density

Fy(x,t) may exist inside the tube; denote
Fo(x,t) D) D .
F(x,t)= , a”=—. The extraction process
c c

under consideration can be formalized as follows
[12]: it is required to find the solution

u=u(x,t), 0<x<Il, t>0
of the following problem

u, = a*u", + F(x,1); 2.1
u(0,¢)=p(r); (2.2)
ul (1,t)=0; (2.3)
u(x,0)=0(z). (2.4)

It is assumed that the functions p=p(¢),
¢=0(t), F(x,t) are given and Lebesgue-integrable
over the corresponding domain of definition.

The physical meaning of constraints (2.2)—(2.4)
is as follows.

Condition (2.2) specifies the law of change in
the concentration of the extractant at the left end of
the tube. Condition (2.3) means that the right end of
the tube is impermeable to the extractant.
The function @(x) determines the initial distribution
of concentrations at the points of the tube.

There may also be a case where the left end of
the tube is impermeable, and the law of concentration
change is specified at the right end:

u(l’t): H(t);
u'.(0,£)=0.

(2.2%)
(2.3%)

In this regard we note the following point.
The problem (2.1), (2.2°), (2.3"), (2.4) by replacing
the spatial variable: x=1-z essentially reduces to
the problem (2.1), (2.2), (2.3), (2.4). However, from
the point of view of implementing the initial
condition (2.20*) see the statements of Theorem 2
below — the problem (2.1), (2.2°), (2.3°), (2.4) is of
independent interest.

For functions @(x), that are “sufficiently

regular”, i.e., represent table by the sum of a Fourier
series, the solution of the problem (2.1)—(2.4) using
the Fourier method is known: see, for example
[12, p. 100-102]. The Fourier method has several
advantages compared to other possible approaches,
such as the transparency of all steps in the solution,
guaranteed convergence of the process (the resulting
series) under certain restrictions on ¢(x), and

simplicity = of the computational procedure
(calculation of finite sums with a sufficiently large
number of terms). However, in the general case of
Lebesgue-integrable functions ¢(x), the direct use of

Fourier series is not permissible due to known
examples of their divergence. Here, we propose to
address this issue by considering the so-called
exponential ~ averages  of  Fourier  series.
The corresponding theory is presented in Section 3.
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For the sake of completeness, we briefly present
the scheme for solving the problem (2.1)~2.4),
noting the similarity of the mathematical formulation
to that given in [18].

In the first step, the change of variables

v(x,t)=u(x,t)—u(z)

transform the problem (2.1)—(2.4) to the form

(2.5)

vi = Vi + F(x,0)-u(0);
w0,1)=0;
Vi(1,)=0.
v(x,0) = p(x) - p(0).
Next, let

v(x,t)=H(x,t)+J(x,1), (2.6)

so that the functions H = H(x,¢) and J=J(x,t) are
respective solutions of the problem

Hj=a’H};
Z )(c(()l t t)):=0(;; 7
H(x,0)=(x)-p(0)
with homogeneous boundary conditions
Jl=a*J" +M(x,1); (2.8)
J(0,2)=0; (2.9
Ji(1,t)=0; (2.10)
J(x,0)=0, (2.11)

where M(x,t)=F(x,t)—pW'(z).

Problem (2.7) can be solved using the Fourier
method [12, pp. 90-94; 13, pp. 154-155].
Specifically, we use individual solutions of partial
differential equations and construct a general solution
as the sum of  individual solutions
P(x,t)=X(x)Y(t). As can be readily verified, the
equation is satisfied by one-parameter families of
functions of the form

X=X,(x)=D,sinA,x;

Y,(t)= A, exp (— azkit),

T 1
where A, =—(n——], n=1,2,...
/ 2

Taking into account the boundary conditions, we
obtain

P,(x,t)=b, exp(— azk%,t)sin A,x.
The form of the coefficients
b,=4,D,, n=1,2, ...,

will be determined later on the basis of the initial
condition. To implement this condition, we construct
an exponential-trigonometric series of the form

P(X,l)~ibn exp(-a®2t)sink,x,  (2.12)
n=l

P(x,0) coincides
(in a certain sense specified below) with the function
f(x)=0(x)-p(0).

It can be easily verified (see, e.g., [12, pp. 52—
57]) that the system of functions

[
\/:sinknx , n=1,2,..,
2

is orthonormalized on the interval (0, /).
Hence, the formal trigonometric expansion

with the understanding that

(2.13)

o(x)—p(0) ~ an sin,x,

n=1

(2.14)

can be constructed, where the coefficients b, in
(2.14) are now the Fourier sine coefficients of the

function f(x)=@(x)—p(0):
21
b, =bn(f)=;J‘((p(1:)—u(0))sin?unr dv, n=12,..
0

Let us now turn to the problem (2.8)—(2.11).
Were present the unknown function J(x,7) and the

given function M(x,z) by their expansions in the
system {sin,x} (see (2.13)).

Let p,(z) and 8,(z) be the Fourier coefficients
of the following two functions depending on ¢:

J(x,0)~Y p, (¢)sink,x; (2.15)
n=1

M(x,0)~38,(¢)sin k., x; (2.16)
n=1

By substituting expansions (2.15) and (2.16) into
equation (2.8), we obtain equality of the
corresponding coefficients
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pl () +a*)ip,(t)=5,(), n=1,2,. (2.17)
Equation (2.17) together with the initial
condition (see (2.11) and (2.15)) p,(0)=

constitutes a Cauchy problem, the solution of which,
as can be easily verified, is a sequence of the form

p, ()= exp(— azkznt)j‘exp(azkir)Sn (t)dr,
n=1(,)2,... (2.18)

In view of (2.15) and (2.18), we obtain the
expansion

J(x,1)~ S

n= 1

(2.19)
in which (see (2.16))

2!
8,1(r)=—JM(z,ﬂ:) sin,z dz.
Lo

Combining relations (2.5), (2.6), (2.12), and
(2.19), we finally obtain the solution of problem
(2.1)-(24) in the form of an exponential-
trigonometric series sum

u(x,t)=p(t)+ ibn exp(—a%znt)sin A,X+
. .
+> exp(— azkz,,t)jexp(azkznr)Sn(r) dr} sin A, x
n=l1 0
b,, 8,(t) were defined
)
=—| n—— B
/ 2

2 /
by == J (o) u(O)sinx v
0

whose coefficients A,

above, respectively, as A,

21
6n(r)=—J.(F(z,r)—u’(k))sinknz dz,n=1,2,...
lo

2.2. Clarification of the initial condition.
Convergence (2.12)

In the boundary-value problem formulated above
(2.7), the initial condition (as already noted) requires
that at r=0 the sum of the Fourier series (2.12)
coincide with values f(x)=¢(x)—un(0). However,
a formal substitution of =0 into (2.12) does not
guarantee such a coincidence, even if the resulting

exp( a*)} )jexp(azkit)én(t)dr sink,,x,
0

Fourier series converges. Therefore, the initial
condition under consideration should be understood
in a more general sense:

lim 3 b,( £)exp(-a®2t)sink,x = £(x). (2.20)
—>+ n=1

Requirement (2.20) is then realized as a problem
concerning the limiting behavior of the exponential
averages of the Fourier series expansions of
function f* according to the corresponding system of
sines; this problem is also of independent interest
(see, e.g., [17]). For convenience the function f can
be extended as an odd function and then made
4/-periodic.

Since the function @(x) is Lebesgue integrable,
then || /]| <o, where

21
1A =;I| o(x) - p(0)| dx

Furthermore, the following estimate holds
16,(F)|<|f], n=12..

Then the series

e ()

will serve as a majorant for (2.12). The convergence
of this positive series for each #> 0 is evident, from
which the uniform convergence of (2.12) with respect
to x follows.

Problem (2.7), in which boundary conditions
(2.2) and (2.3) are transformed into the form (2.2%*)
and (2.3*) respectively, is solved using the same
algorithm, but the sine series expansions will be
replaced by cosine series expansions [13, p. 182].
Accordingly, the initial condition (2.20) takes the
form

lim Zb exp( Zl%ll)COSKHXZf(X); (2.20%)

t—>+0
21
bn :__[((P(x)_u(o)) COS)\’nx dx.
Lo

3. Results and Discussion
3.1. Implementation of the initial condition

Results (2.20) and (2.20*) can be derived as
a consequence of solving a more general problem
concerning the behavior, as ¢ — +0, of families of
means
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U(f)=U,(f,x;v)= ibk(f)vk(t)sinf(k—éJx;

k=1 /

ﬁ&ﬂ=ﬁXﬁmﬂ=§}Aﬂm0k%;@—£%

k=1
(3.1)

of the Fourier series of function f according to the
corresponding system of sines/cosines. The following
standard conditions are imposed on the summation

sequence {vk (t)} :

vi(0)=1, k=1,2,..; (3.2)
lim v, (¢)=0, t>0; (3.3)
k—+o0
lim v, (t)=1, k=1,2,...; (3.4)
k—>+0
vi(t)lnk=0,(1), k=2,3,...,t>0. (3.5

In particular cases of (2.20), (2.20%) the families
(3.1) take the form

12
vk(z‘)zexp{—ﬁ[k——] t}, k=1,2, ...
2

and for (3.6) conditions (3.2)—(3.5) are satisfied, as
can be readily verified.

Let us establish that sequence (3.6) belongs to
the class of piecewise convex sequences. This means
that the second differences

Avi(1)= A(Av (1),

where Avy(t)=v(¢)—v;,(¢), either retain their sign

(3.6)

or change it a finite number of times.

In case of (3.6) the signs of A?v,(r) are

determined by the signs of the second derivative
(see [14]) of the function

E(y)= CXP[— 0 t(y —lJ J ;
2

here 0&(0;1) is a constant. Furthermore, the second

derivative
12
" 2
E (y)=—6t(2—6t(2y—1) )exp(—@t[y——j J
2

obviously changes its sign at only a single point
y > 1. Therefore, sequence (3.6) is piecewise convex,
as asserted.

Summation of Fourier series of 2m-periodic
functions using piecewise convex methods based on
the classical orthogonal trigonometric system

1
{—; cosx,sinx;..., coskx,sin kx; ...
2

was studied in [14, 15].

In particular, in [15] the exponential means of
Fourier series with respect to the classical sine system
were applied to the mathematical modeling of drying
processes of plant materials.

In the context of implementing the initial
condition (2.4), we extend the methods of the
aforementioned works to expansions with respect to
the systems

T 1 i 1
{sin—(k——jx} and {cos—(k——) }, k=1,2, ...,
/ 2 l 2

the orthogonality of the first system is noted above
(see (2.13)), while the orthogonality of the second
one (i.e., the cosine system) on (0;/) can be verified
directly from the definition; see also [13, p. 85].

Let us denote by L” the class of functions f(x),
that are summable with p-th power p>1 on (0, /)

and extended to the entire real axis either
as odd or even 4/-periodic  functions.

1! 1/p
Let ||/] » :[E'“ f@)| dtj denote the norm in 7.
0

We also denote by C(C>0) constants that may
depend only on the explicitly specified indices.
The following result holds.

Theorem 1. Let the conditions (3.2)—(3.5) be
satisfied for a piecewise convex summation sequence

{v;(¢)}. Then
1) the maximal “strong-type” estimate holds

Isup| U, (O, <Cpll £, p>15

t>0

2) in the case p = 1 the “strong-type” estimate is
replaced by the following relation:

sup [[U,()h<CI /Il

>0
and the “weak type” estimate

C
mes{xe(O;Z)|sup|Ut(f)|2C>O}SE||f||1 )

t>0
3) the relation

im U, (f,537)= /() 6.7
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holds almost everywhere on (0, /) and in the metric of
the corresponding functional space for any odd

function f e L? (p = 1). The equality (3.7) also holds

at each point of continuity of the function f{x), and in
the case of an everywhere continuous function,
it holds uniformly in x.

In particular, the requirement (2.20) is satisfied
almost everywhere and at each point of continuity of
the function f{x).

The statement of Theorem 1, Part 3, and its
proof are given in [18]. The corresponding result for
cosine series expansions, together with its proof,
is given in the following section. In particular, thanks
to this result, a positive answer will be obtained
regarding the implementation of condition (2.20%).

Theorem 2. If the conditions of the Theorem 1
are met

1) the maximal “strong-type” estimate holds

Isup| U, (N1,<Cp Ml f,. p>15

t>0

2) in the case p = 1 the “strong-type” estimate is
replaced by the following relation:

sup | U, () <CI £l

>0
and the “weak type’ estimate

~ C
mes{xe (O;Z)|su(1))| U (f)Iz¢> O}SE"fnl ;

3) the relation

lim U, (1, v)= /(x) (3.7%
t—>+0
holds for any even function felL” almost
everywhere on (0,/), in the metric of the

corresponding functional space, at each point of
continuity of the function f{x) and, in the case of an
everywhere continuous function — uniformly in x.

In particular, the requirement (2.20) is satisfied
almost everywhere and at each point of continuity of
the function f{x).

Proof of Theorem 2. The basis of the proof is

the transformation of (Z( f,x;v) (see (3.1)) to the

corresponding convolution operator with a Fejér-type
kernel [16, vol. 1, p. 148]. Let us divide the proof into
several steps. Without loss of generality, we can
obviously take /=7

1. Estimates of Partial Sums. By virtue of the
definition of the coefficients b, (f), the integral

kernel of the partial sums

s,Lf.x]= ibk (f) cos(k—ljx, n=12,.. (3.8)
2

k=1

of a series of the type (2.14), in which sines are
replaced by cosines, can be brought to the form

icos(k —l}ccos(k —lJ T=

k=1 2 2

= li“{cos(k — lJ (x—1)+ cos(k —1] (x+ r)j =
2k=1 2 2

1
D,(x—1)+-D,(x+1); (3.9)
2

where

D,(1)= icos{k — 1] T
k=1 2

is the analogue of the classical Dirichlet kernel
[16, vol. 1, p. 86]. Furthermore,

D (t)——Z(smkt—sm(k )t )=L (3.10)

= 2s1nf
2 2

The right-hand side of (3.9) (see also (3.10)) has
the property of evenness with respect to the variable
7, and therefore its product with f{t) will be even.
Therefore, the corresponding integral of this product
over (0, ) can be replaced by half of the integral
over (-, m), and, due to the evenness of the function
£, the partial sums (3.8) take the form

2sin—

B X AR T
T n 2 2

LT (0D, (x -2 =

sinn(x—1
( )dr n=1,2,.

e
Tr 2sm—
2

It is now convenient to replace f{t) in the
integrand with a function fy(t), which coincides with
f(t) on (—m, ) and is then extended in a 2m-periodic
manner. This type of periodicity allows without
changing the limits of integration to replace the

difference x — t with a new variable:

L= [ £, (- o) =

= sinnt

:—Ifo(X—T) Tdt, n=1,2,.. (3.11)
T-n 2sin—
2
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For the integral kernel in (3.11), the following
estimate is obvious

1
D,(t)= O[min{n;—}] .
7]

Next, we can refer to exactly the same estimate
for the classical Dirichlet kernel

! [ 1)
sinf n+— |t
Di(t)=——
n T 1 9
2sin—71
2

which allows us to bound the corresponding
convolution operator from above by the expression

o.(Inn); see [16, vol. 1, pp. 113—114]. Consequently,
the representation (3.11) of the partial sums allows us
to assert that s,[f,x]=o0,(Inn)  holds almost
everywhere, and then, by virtue of (3.5),
s,[f>x]v,(t)—>0 when n — o« for almost every x.

2. Estimate of U,(f,x,v). According to Abel's
transformation

~ N-1
G 0)= Jim | S 050145y 0]
-+ 1

N-2
= Nlim Z(k + DA%, (£) o, Lf,x]+ Navy_()o [/ x]] )

k=1
(3.12)

Here

1 k
o, lf,x] =—zgu[f,x], k=12,..

k+1p=1

— an analogue of the classical Fejér averages of
a Fourier series. In integral form

| O 17
ol /. ¥1== [ fo(®) F(x=v)dr=— [ fy(x= D) F(x)dr,
TE—TC TE*TE

k=1,2,.. (3.13)
In this case
1k
Fk(T):_ZDp(T):
k-l-lu:l
1 k 1 1
=—TZ cos| u—— [T—cos| u+— |1 |=
A(k +1)sin® — =1 2 2
2
ko k+1
SiIn —TSINn ——7T
-2 2 -0l (3.14)

T
2(k +1)sin? —
2

The kernel (3.14) in (3.13) possesses obvious

estimates
1
F.(t1)=0| min{k;—— ¢ |,
(k+1)7

in this case, as is well known, the corresponding
integral operator (3.13) can be bounded from above
(uniformly in k) by the Hardy—Littlewood maximal

function
x+h

. 1
fo(x)=sup — [| fo(x)|dx
h>0 hx—h
so that
st;p| o, Lf,x1ISC fy (%)

see, for example [16, vol. 1, p. 151; 14]. Taking into
account the properties (see [14]) of the piecewise

convex sequence {v;(¢)}

0

> (k+1)[A%, (1) = 0(1)

k=1

and NAvy(1)—>0 when N —oo, from (3.12) we
obtain that the estimate via the maximal function also
holds for U, (f,x,v) uniformly in ¢

sup|U(f,xv)[SC Lo (). (3.15)
t>0
3. Maximal  estimates.  The  inequalities

contained in statements 1 and 2 of Theorem 2 (the
strong-type and weak-type estimates) are, as is well

known, also valid for fo* (x) (written in place of

sup|l7t(f,x;v)|); see [16, vol. 1, p. 58-59], see also

>0
[14]; for example,

1/ 1,<Co 1l o ,=Co 1S N> P>

Consequently, the strong and weak estimates for
sup |U,(f,x;v)|, presented in statements 1 and 2, are
>0
direct corollaries of (3.15). As for the inequality for
sup||U,(f)|l;, it follows in the standard way from
t>0
the uniform boundedness (with respect to #) of the
family of Lebesgue constants

ITE
~[IK,()dr<C,
To

where K,(t) is the integral kernel of the operator
(3.12); see (3.12)—(3.14). Such boundedness is
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established in a manner analogous to the estimate
(3.15).

The statement (3.7) on convergence at the points
of continuity of the function f(x), and in the case of

an everywhere continuous function — uniform
convergence, follows from the Banach-Steinhaus
theorem if we again take into account the
boundedness of the corresponding Lebesgue
constants as a family of operator norms U,(f,x;v)

acting in the space of continuous periodic functions.
By virtue of the same theorem and the

boundedness of the L”(p>1)-norm of the operator

ﬁt( f) (see §§1-2 of Theorem 2) we obtain the

convergence of (3.7) in the corresponding metric; see
also [14, 17].

The almost everywhere convergence of (3.7)
follows from the weak-type estimate (established in
§2 of Theorem 2) and the I”-convergence in the
standard way (see [16, vol. 2, pp. 464-465)).
The theorem is proved.

4. Conclusion

A mathematical model of plant material
extraction processes has been investigated.
This model is a special case of a universal model
describing heat and mass transfer processes.
The solution to the corresponding boundary value
problem is obtained in terms of exponential averages
of a Fourier series generated by a continuous periodic
function. In turn, the family of exponential averages
turns out to be a means of implementing the initial
condition. A theorem of corresponding convergence
is given. The issues of summability of series over
cosine and sine systems arising in the solution of the
heat and mass transfer problem are investigated.
In particular, the exponential summability of Fourier
expansions of functions is established almost
everywhere, at points of continuity, as well as in the
metric of the corresponding functional space.

It has been established that, under certain
conditions, the presented mathematical model
converges to the initial physical system that describes
the processes of plant material extraction. As a result,
this study provides a fundamental scientific
description of the mathematical model of plant
material extraction processes and examines in detail
the properties and approximation capabilities of this
model.
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